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CHAPTER 1 
I n t r o d u c t io n
1 ,1  The S ta tem en t o f  th e  Problem  The knig^it  ^8 to u r  problem  may be
s t a t e d  i n  v a r io u s  w ays, a c c o rd in g  to  th e  deg ree  o f  d d .f f ic u l ty  iu  i s
d e s i r e d  sh o u ld  be overcom e | t h e  ^ o r ig in a l  i n t e n t i o n  i n  em bark ing  on  t h i s  
work was t h a t  o f  enuM sm tîiig  a l l  th e  p o s s ib le  k n i # i t   ^s to u r s  on a  s ta n d a rd  
8 x 8  c h e ssb o a rd , A l i t t l e  l a t e r ,  when th e  m agnitude o f  th e  problem  
became f u l l y  a p p a re n t ,  s i g h t s  were dropped somewhat to  th e  more r e a l i s t i c  
o b je c t iv e  o f  c a r r y in g  o u t t h i s  en u m era tio n  on a  6 x 6 b o a rd  (one h e s i t a t e s
to  d e s c r ib e  a  6 x  6 c h e ssb o a rd  a s  r e a l i s t i c ) ,  i t  was hoped t h a t  a s  a  r e s u l t
o f  t h i s ,  c e r t a i n  ^ n e r a l  p r o p e r t i e s  o f  th e  k n l .^ i t* s  to u r s  c o n s id e re d  as 
whole c la s s  o f  o b je c ts  m ight em erge, and hence le a d  to  f a s t e r ,  more s u b t le  
ways o f  f i n d in g  to u r s  on th e  l a r g e r  b o a rd . But to  e n v isa g e  v;hy t h i s  r e d u c t io  
o f  s c a le  sh o u ld  be n e c e s s a ry  i n  th e  f i r s t  p la c e  we m ust d e f in e  what we - 
mean by a  k n i ^ i t * s t o u r ,  and d e s c r ib e  th e  p ro c e s s e s  in v o lv e d  i n  f i n d in g  
to u r s .
1 ,2 ,  Le^,-al ' 8 Moves
D e f in i t io n  (We r e p r e s e n t  th e  c h essb o a rd  a s  i n  f i g u r e  1 .1» )
A leiSgil k n i ^ t * s  move on a chessboard (o f  side >3 units)  
co n s is ts  o f  increments A x ,  in  the x -y  coordinates of  the 
kni^ it  s . t .  ,
1 A>c 1 -f [Av l^ = 5?
where A x , A t j , in teg ers ,  &
0  <  lAxl  <  5 
0  <  <  3,
and fu r th e rm o re ,
Kv - 1  >  k 4 -A k  ^  O 
rv «1 ^  ^ ^  O 3
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Fi 1 *1
^ X 6   ^<yau/ri
th e  b o a rd  b e in g  o f  dim ensions rv X KL .
F o r an  i n f i n i t e  c h e s s b o a rd j th e r e  a re  a lw ays 8 l e g a l  k n i ^ t * s  
moves t h a t  can  he made ( s e e  f i g u r e  1 *2 ,) c o rre s p o n d in g  t o  th e  in c re m e n ts :-
Ax.= 1
A y
A b j ^  4 "Z
A ^ - - 2
A = 4  Z  
A < ^=  -  1
A y • + 1





F ig u re  1 .2
L eg a l k n i ^ t *  8 moves
h u t i n  th e  more am enable f i n i t e  o a s e s ,  e d g e - e f f e c t s  c re e p  i n ,  and th e  
number o f  l e g a l  m o v es /sq u a re  may v a ry  betw een  2 ( e . g .  square(O jO ) i n  
F ig u re  1 ,1 . )  and 8 , The p re se n c e  o r  o th e rw ise  o f  an  edge e f f e c t  f o r  a  
sq u a re  i n  any g iv e n  p o s i t i o n  on  a  b o a rd  o f  w h a tev e r ( f i n i t e )  s iz e  can  
e a s i l y  be c a l c u l a t e d ,  s in c e  we can  & ways p r e d i c t  w h e th er a  move w i l l  
talce th e  k n i ^ t  * o v e rb o a rd * .
( e . g . )  I f -  , X -  O , th e n  f o r  move to  be l e g a l ,
0  <  A x  <  5 
- 1  <  A ^  < 3 ,
w hich p e rm its  th e  3 moves c i r c l e d  in  F ig u re  1 .2
The f u l l  la y o u t  o f  th e  num ber o f  moves p e rm itte d  f o r  each  sq u a re  on a  
6 x 6  board  i s  a s  in  F ig u re  1 ,3 ?  and g e n e r a l i z a t io n  to  a 2n x 2n board  
( th e  re a so n  f o r  ch o o sin g  an  e v e n -s id e d  board  w i l l  emerge l a t e r )  shows t h a t
No* o f  sq u a re s  from  w hich 2 l e g a l  k n i g h t 's  moves can  be made = 4
I» H I» I» II J  II It II II II It •’ =; Q
II II It It 11 ^  II It II II It II I t *  r  6 n ~ 1 2
i t  It It II It ^  I t  II II II II It It =  8 n - 1 6
p
It tt II It II 3 It It It It It It It = (2 n -4 )
T o ta l  no* o f  l e g a l  k n i g h t 's  moves on 2n x 2n b o a rd
8 +  2 4 + 52n - 4.8 +  4 8 n - 9 6 + 3 2 f  -1 2 8 n -M 2 8  = 32n^ -4 8 n + 1 é
: = 16 . (2 n "1 ) . ( n - 1 ) ,
and th e  a v e ra g e  num ber o f  l e g a l  k n i g h t 's  m o v e s /sq u a re ,
% n
i s  g iv e n  b y  %  =: 4 /n ^  • (2n-1 ) .  (n-1 )2n
The v a lu e  o f  S i s  a sy m p to tic  to  8 (F ig u re  1*4), and f o r  a  6 x  6 b o a rd  
(n=3)  is40/9- . ,
z 3 4 4 3 I
3 4 6 6 4 3
4 6 9 6 4
• 4 6 S % 6 4
3 4 6 6 4 3






Ko. o f  l e g a l  k n ig h t* s  moves f o r  
each' sq^uare oh 6 x  6
1 .3  The I m ig h t 's  T our
r r  .
/D e f i n i t i o n s A k n i g h t ' s t o u r  on a  2n x  2n c h e ssb o a rd  i s  a  sequence  
! o f  4:0.  ^ l e g a l  k n i g h t ’s moves ( i n  no s p e c i f i e d  o r i e n t a t i o n )  w hereby 
each  sq u a re  i s  v i s i t e d  onee and o n ly  once y w ith  th e  e x c e p tio n  o f
th e  ( a r b i t r a r y )  s t a r t i n g  and f i n i s h in g  s q u a r e s ,  w hich  m ust be  th e  
sam e.
1 .4  Graph and T ree  R e p re s e n ta t io n s  We can  r e p r e s e n t  th e  l e g a l  moves 
on th e  b oard  by a  l i n e a r  g ra p h , where th e  v e r t i c e s  d en o te  s q u a re s ,  
and a n  edge c o rre sp o n d s  to  a  l e g a l  k n ig h t ’s move betw een  th e  sq u a re s  
whose v e r t i c e s  i t  j o i n s ;  su ch  a  g rap h  ( h e r e a f t e r  r e f e r r e d  to  as th e  
e q u iv a le n t  ^ a p h ) h a s  been  draw n f o r  a  4 % 4 b o a rd  i n  F ig u re  1 ,3 ,  V/hen 
th e  p rob lem  i s  p r e s e n te d  i n  t h i s  fo rm , th e  above d e f i n i t i o n  i s  e q u iv ­
a l e n t  to  :
D e f i n i t i o n :  A k n i g h t ’s  t o u r  on a  2nx 2 tvchessboard i s  a  sequence  o f.* 11LLTÆ .I.1 n l#i
4n^ moves su c h  t h a t  th e  c o rre sp o n d in g  sequence  o f  edges on th e  e q u iv ­
a l e n t  g rap h  form  a  H a m ilto n ia n  c y c le  on t h a t  g ra p h .
H ôte t h a t  t h i s  d e f i n i t i o n ,  fo l lo w in g  S e rg e ’s d e f i n i t i o n  o f  a  c y c le  r a t h e r  •
th a n  t h a t  o f  S a a ty  and  Bus a c k e r ,  im p lie s  no o r i e n t a t i o n  as was m entioned
e x p l i c i t l y . in  th e  f i r s t  v a r i a n t .  We (fefine th e  to u r  t h i s  v/ay d e l i b e r a t e l y ,
.bu t, a r b i t r a r i l y ;  th e  q u e s t io n  o f  w h e th er a  sequence  o f  s q u a r e s ,  and th e
seq lience  form ed from  i t  by t r a v e r s i n g  i t  in  r e v e r s e  o r d e r  (w hich we c l e a r l y
c a n  d o , s in c e  th e  sequence  o f  sq u a re s  i s  a  c lo s e d  lo o p )  d e f in e  two s e p a r a te
to u r s  o r  o n ly  one i s  a  moot o n e , and th e  l a t t e r  c h o ice  h as been  made h e r e ,
I 1 2  3 4
Ë%Ûrvale&^ g raph  f o r
13^ ^15 "^16
Kow t h a t  a  k n ig h t ’s to u r  has been  d e f in e d ,  i t  i s  a p p a re n t  t h a t ,  to  f in d  
a l l  p o s s ib le  t o u r s ,  we m ust t e s t  a l l  sequences o f  sq u a re s  ,o f  le n g th  3^ to  
se e  i f  th e y  comply w ith  th e  c o n d it io n s  o f l e g a l i t y  and n o n - r e p e t i t i v e n e s s .
I t  i s  a x io m a tic  t h a t  i f  a  s t r i n g  o f  sq u a re s  does n o t s a t i s f y  th e s e  r u l e s ,  
th e n  n e i t h e r  can any seq u en ce  form ed by a d d in g  f u r t h e r  sq u a re s  t o  t h a t  
s t r i n g ;  so  we can  o r d e r  t h i s  t e s t  by b u i ld in g  up lo n g e r  and lo n g e r  s t r i n g s ,  
some o f  w hich  may r e a c h  th e  le n g th  o f  ^ 6  sq u a re s  w ith o u t v i o l a t i n g  th e  above 
c r i t e r i a  -  th e s e  a re  th e  k n i g h t ’s to u r s  we se ek  -  w h ile  o th e r s  may te rm in a te  
a f t e r  <(36 moves due t o  v i o l a t i o n  o f  e i t h e r  c o n d i t io n ,  Vfe a re  hence c o n ce rn ­
ed w ith  e x h a u s t iv e ly  s e a r c h in g  a  t r e e - s t r u o t u r e  and e x t r a c t i n g  from i t  o n ly  
th e  b ra n c h e s  o f  l e n g th  36 .
&
S xnoe, a s  we s h a l l  s e e ,  th e  number o f  b ran ch es r a p i d l y  becomes e x tre m e ly  ■ 
l a r ^ ÿ  w ith  i n c r e a s in g  b o a rd ^ s iz e ,  i t  i s  o f  param ount im p o rtan ce  to  
p rune  a b o r t iv e  b ran c h es  a s  e a r l y  a s  p o s s ib le ;  i n  f a c t ,  tim e i s  so c r u c i a l  
when c o n te m p la tin g  e x te n s io n  o f  a  m ethod to  th e  f u l l  8 x 8 b o a rd , t h a t  
th e  m ethod m ust s ta n d  o r  f a l l  by  i t s  in h e re n t  sp e e d ,
1 .5  S iz e  o f  T re e -S e a rc h  F ig u re  1 ,4  showed how th e  av e rag e  number o f
!
l e g a l  moves f o r  each  sq u a re  in c r e a s e s  w ith  i n c r e a s in g  b o a rd - s iz e ;  t h i s  
m i ^ t  be deemed a  r e l a t i v e l y  i n s i g n i f i c a n t  e f f e c t  u n t i l  we q u a l i f y  i t  
b y  th e  o b s e r v a t io n  t h a t  th e  s t r i n g ,  b o th  k n l ^ t ’ s  to u r s  and a b o r t iv e  
a t t e m p ts ,  i n c r e a s e  i n  le n g th  a s  th e  number o f  sq u a re s  on th e  b o a rd , i . e .  
th e  t r e e  m ust be s e a rc h e d  to  a  much g r e a te r  d e p th  on a  l a r g e r  b o a rd , w h ile  
th e  number o f  c h o ic e s  a t  each  l e v e l  i s  a ls o  ( s l i ^ t l y )  g r e a t e r .  T hat 
i s ,
S iz e  o f  t r e e - s e a r c h
1 .6  L e ^ l  T our Moves I t  w i l l  be co n v en ien t to  make th e
D e f in i t i o n :  A l e g ^ l  t o u r  move ( l . t . r a , )  i s  a  l e g a l  k n i ^ t ’ s  move to  a
sq u a re  whose c o rre sp o n d in g  node i n  th e  s e a r c h - t r e e  h a s  no p re d e c e s s o r  
th e  same a s  i t s e l f .
T h a t i s ,  f o r  a n  l ,k ,m ,  to  be an  l , t , m , , th e  n o n - r e p e t i t iv e n e s s  
c r i t e r i o n  m ust be s a t i s f i e d o
7
I t  w i l l  l a t e r  be s e e n  t h a t  th e  m ethod u se d  e n su re s  ’b u i l t - i n ’ 
l e g a l i t y ,  so  t h a t  o n ly  l . k . m , ’s  a re  c o n s id e re d , and th e  t r e e - s e a r c h  
i s  c o n c e n tr a te d  on  th e  m a t te r  o f  f i n d in g  l , t . m . ’ s .  The g e n e ra t io n  o f  
’ s  by  i n s e r t i n g  th e  d e f i n i t i o n  i n to  th e  program  can  e a s i l y  be 
e f f e c t e d ,  b u t  consumes to o  much time®
' .  I
1®7 B oards o f  D i f f e r e n t  s i z e s  I n  1®3 th e  d e f i n i t i o n  o f  a  k n i ^ t ’ s to u r
/
was r e s t r i c t e d  to  a  b o a rd  o f  even  s id e s  ( i , e ,  4 % 4 , 6 x 6 ,  8 x 8  e tc )  ;
■the re a s o n  f o r  t h i s  w i l l  now be e x p la in e d , as i t  i s  r e l e v a n t  to  th e  ch o ic e
o f  a  6 X 6 b o a rd  f o r  t e s t i n g  reasons®
The r e s u l t  may be s t a t e d :  ’Ko ch essb o a rd  o f  odd d im ensions ( th e
b o a rd  need  n o t be sq u a re )  h a s  a  k n i ^ t ’ s to u ^  ( i . e *  H a m ilto n ia n  c y c le )
on  i t ’ .  T h is  fo l lo w s  a s  a  c o r o l l a r y  t o  Ko r u g ’ s  th eo rem , w hich i s  s t a t e d  
a s  f o l l o w s : -
K on ig ’s  Theorem A graph c o n ta in s  no e le m e n ta ry  c y c le s  o f  odd le n g th  i f  
and  o n ly  i f  i t  i s  b ic h ro m a tic .
A c y c le  i s  e le m e n ta ry  i f  each  v e r te x  a p p e a r in g  i n  i t  o c c u rs  o n ly  
o n c e , so  t h a t  th e  k n i ^ t ’ s  to u r  i s  an  example o f  an  e le m e n ta ry  cycle®
8
P o rth e riB o re , a  c h essb o a rd  o f  odd d im ensions h a s  a n  odd m m ber o f  
s q u a r e s ,  so t h a t  a  H a m ilto n ia n  c y c le  on  th e  g raph  o f  th e  b o a rd  m ust 
b e  o f  odd l e n g th .  F i n a l l y ,  we n o te  t h a t  a  l ,k ,m ,  a s  d e f in e d  i n  1 ,2  
t a k e s  th e  k n i ^ t  from  a  b la c k  to  a  w h ite  s q u a re ,  i f  th e  b o a rd  i s  eo l«  
ç u re d  i n  th e  u s u a l  m anner shown i n  F ig u re  1 ,1 ,  C o n s id e r in g  now th e  
v e r t i c e s  o f  th e  e q u iv a le n t  g raph  to  be c o lo u re d  i n  th e  same f a s h io n ,  
we deduce t h a t  any  two a d ja c e n t  v e r t i c e s  o f  th e  g rap h  a re  o f  o p p o s i te
c o lo u r s  and th e  g rapli i s  b i  c h ro m a tic . H ence, K onig’ s  Theorem shows
/
t h e r e  a r e  no k n i ^ t ’ s  t o u r s  on an  o d d -s id e d  b o a rd .
We may add i n  p a s s in g  t h a t  n e i t h e r  can th e  e q u iv a le n t  g rap h  o f  
su ch  a  b o a rd  p o s s e s s  any  f a c t o r s ;  a  f a c t o r  m ust c o n s i s t  o f  one o r  more 
d i s j o i n t  c y c le s ,  and i n  th e  l a t t e r  c a s e ,  s in c e  th e  sum o f  th e  le n g th s  
o f  th e  d i s  j o i n t  p a r t s  i s  o d d , th e  le n g th  o f  a t  l e a s t  one in d iv id u a l  p a r t  
m ust be  o d d , w hich  c o n t r a d ic t s  th e  above r e s u l t .  We m en tio n  t h i s  h e re  
a s  f a c t o r - se  e k in g  i s  one o f  th e  ways and means d is c u s s e d  i n  C h ap te r 2 ,
I t  was s t a t e d  a t  th e  o u t s e t  t h a t  th e  e n u m e ra tio n  o f  k n i ^ t ’ s to u r s  
o n  th e  8 x 8  b o a rd  seemed on p re l im in a ry  i n v e s t i g a t i o n  to  be to o  l a r g e ;
t h e  q u e s t io n  B h io h - th e n  a ro s e  was to  what s i z e  th e  b o a rd  sh o u ld  be r e ­
d u ced  s t i l l  to  pose  a n  a d eq u a te  t e s t  o f  th e  m ethod .
{gÿ th e  above c o n s id e r a t io n s ,  5 % 5 and 7 x  7 co u ld  be d is c o u n te d  a s  
^ v i n g  no k n ig h t ’ s  t o u r s - i n  any, c a se  (a l th o u g h  th e y  m igh t prove" u s e f u l  f o r  
a s s e s s in g  th e  le n g th  i n  m achi.ne-tiine o f  th e  t r e e - s e a r c h )  , and a s  w i l l  
be shown i n  C h ap te r 3 , th e  4 % 4- b o a rd  y i e ld s  no to u r s  e i th e r »  The 
c h o ic e  was th u s  r e s o lv e d  to  s e a r c h in g  on a  6 x  6 board*
1*7 Summary o f  T h e s is  The l i t e r a t u r e  i s  n o t v e ry  fo r th c o m in g  on th e  
s u b je c t  o f  c o m p u ta tio n a l a lg o r i th m s  f o r  th e  t o t a l  s o l u t io n  o f  th e  k n i ^ t ’ s 
t o u r  problem  w ith  th e  e x c e p tio n  o f  Diiby’ s p a p e r , and t h i s  p a p e r ,  w hich 
u s e s  a  m ethod rem ark ab ly  s i m i l a r  to  t h a t  o f  C h ap te r 5? was o n ly  d is c o v ­
e re d  a f t e r  m ost o f  th e  developm ent work d e s c r ib e d  th e r e  had  been  com plet­
e d ,  and was r e f e r r e d  to  r a t h e r  a s  a  gu ide to  e x p e c te d  sp eed  th a n  m y -  
t h in g  e l s e ;  th e  p u b lis h e d  works m en tioned  i n  Appendi^x 3 have b een  soiorces 
o f  ’n o n - id e a s ’ on  th e  whole* G rap liica l n o m en c la tu re  i s  ta k e n  from  Berge 
( a s  i s  F o r t e t ’ s  m ethod, 2 .8 )  and t r e e - r e l a t e d  te rm s from  S c o in s ,
C h ap te r 2 i s  a  rev ie w  o f  th e  m ethods o f  s o l u t io n  w hich were c o n s id ­
e r e d ,  each  m ethod b e in g  su rv ey ed  a s  a p p ro p r ia te  and d is c u s s e d  a s  to  i t s  
f e a s i b i l i t y .  C h ap te r 3 d e t a i l s  th e  m ethod u sed  from  i t s  e a r l y  d ev e lo p ­
ment to  i t s  f i n a l  fo rm , and in c lu d e s  a  number o f  f lo w  c h a r t s ;  C h ap te r 4 
shows how t h i s  program  was th e n  u sed  to  a n a ly se  o th e r  t r e e - se  a r c h in g  
m ethods and a l s o  th e  k n i ^ t ’ s  to u r s  th e m se lv e s , p a r t i c u l a r l y  w ith  r e f ­
e re n c e  to  c l a s s i f y i n g  them by t h e i r  symmetry p r o p e r t i e s .  C h ap te r 5 
comm ents, i n  c o n c lu s io n , on  th e  r e s u l t s  o b ta in e d ,  and a s s e s s e s  th e  p o t e n t i a l  
o f  m ethods n o t i n v e s t i g a t e d - in  C h ap te r 2 ,
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Flow c h a r t s  have been  in c lu d e d  i n  th e  t e x t  where i t  h a s  b een  f e l t  
t h a t  th e y  c o u ld  p re c lu d e  th e  n e c e s s i ty  f o r  undue v e r b o s i ty ,  b u t th e y  
a re  n o t p r e s e n te d  i n  f u l l  d e t a i l  v d th  oodingy t h i s  l a t t e r  b e in g  in c lu d e d  
f o r  r e f e r e n c e  i n  Appendix 1 , ’One k n i ^ i t ’s  to u r  lo o k s  v e ry  naich l i k e  
a n o th e r ’ , and c e r t a i n l y  i t  would be p o in t l e s s  to  in c lu d e  th e  o u tp u i o f  
th e  whole c o l l e c t i o n ,  b u t c e r t a i n  t o u r s ,  s t r i n g s ,  and o th e r  r e s u l t s  a re  
o f  s p e c i a l  i n t e r e s t  and have b een  g a th e re d  i n to  Appendix 2 , Appendix 3 
c o n ta in s  th e  l i s t  o f  books and p a p e rs  r e f e r r e d  to  iw ith in  th e  t e x t  and 
d u r in g  i t s  p re p a ra t io n ^
The r e a d e r  who w ishes to  a v o id  a l l  d e t a i l s  o f  th e  program m ing 
co u ld  om it C h ap te r 3? b u t th e  n e x t c h a p te r  would in d u ce  b a c k - re fe re n c e s  <> 
S e c tio n s  3*4, 3*6, and 3*8 can be sk ip p ed  w ith o u t such  consequences*
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CHilPTER 2 
A Review o f  Tiethods o f  S o lu t io n
2 ,1  I n t r o d u c t io n  T here i s  a  g re a t  d i v e r s i t y  o f  m ethods by w hich t h i s  
p rob lem  c o u ld  c o n c e iv a b ly  be ta c k le d ;  q u i t e . a p a r t  from  th e  a d o p tio n  
o f  d i f f e r i n g  program m ing t r i c k s  w i th in  a  f ix e d  t h e o r e t i c a l  fram e­
work ( a s  d e s c r ib e d  a t  le n g th  i n  C h ap te r 3) ,  th e r e  a re  t h e o r e t i c a l  
v a r i a n t s  a p le n ty ,  some n o t even  b ased  on  l i k e  d i s c i p l i n e s ,  Graph 
th e o r y ,  and t r e e - s e a r c h i n g ,  o f f e r  one app roach  we have a l r e a d y  men­
t io n e d ,  b u t c o m b in a to r ia l  c o n s id e ra t io n s  can  be co u p led  w ith  th e s e  
to  g iv e  f e a s i b l e  m ethods, to o .  The i n v e s t i g a t i o n  o f  sym m etry p ro p ­
e r t i e s  o f  k n i ^ t ’s  to u r s  i s  c e r t a i n l y  a  means o f  r e d u c in g  th e  b u rd en  
o f  c o u n tin g  t o u r s ,  b u t  i s  more a  p r o p e r ty  o f  k n i g a t ’s to u r s  them­
s e l v e s ,  and i s  th e r e f o r e  n o t t r e a t e d  h e re  b u t d e f e r r e d  t i l l  C h ap te r 
4# Dynamic program m ing i s  a  te c h n iq u e  d e s ig n e d  s p e c i f i c a l l y  to  
d e a l  w ith  m u lt i s ta g e  d e c i s io n  p ro c e s s e s  such  a s  k n i ^ t ’s t o u r s ,  al-» 
t h o u ^  s e r io u s  d i f f i c u l t i e s  seem to  b e s e t  t h i s  m ethod; and a  s im p ly  
c o m b in a to r ia l  id e a  b a se d  on  a  h e u r i s t i c  t r a n s fo r m a tio n  m j .^ t  be 
a p p l ie d  w ith  some su ccess*
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Figure 2 ,1  in d ic a te s  the  ways and means co n s id e red ;-
T re e -S e a rc h in g
K n i ^ t ’ s  T our Problem  
C s v s c i  P u iK i  s )  
Combi n a t  o r i  a l Graph
th e o ry
'Dynamic
Program m ing
Çv.kcMJv^ 4v\J'£_ D<>^ ws-vv\\C- i'toysrS+“ £c^€,— for‘t"e?ts
$€.O.rcU PrVjv^ WN.^  Cfrrv\fl^
S«,<»^ rcU '^4= ''^  Ueu^S'Hc-
jf 'p 'd o q i lA  H K iMCjV
F ig u re  3 • 1
2 ,2  E x h a u s tiv e  T re e -S e a rc h  T h is  i s  th e  m ethod w hich h as  been  m entioned  
i n  p a s s in g  i n  1 ,4 ,  and w hich form s th e  bu lk  o f  th e  fo l lo w in g  d is c u s s io n ;  
i t s  developm ent a s  a  program  i s  d e s c r ib e d  i n  d e t a i l  i n  th e  n e x t c h a p te r ;  
we o n ly  g ive  th e  m ajo r f e a t u r e s  o f  th e  m ethod h e r e .
The b a s ic  scheme w hich i s  fo llo w e d  t h r o u ^ o u t  i s  t h a t  a t  each  
s ta g p  o f  a  k n i ^ t ’ s  t o u r ,  th e r e  a re  a  number o f  p o s s ib le  l . k .m ’ s open 
to  th e  k n i ^ t ,  each  o f  w hich m ust be t e s t e d  i n  t u r n  (some a r b i t r a r y  
o r d e r  b e in g  ad o p ted  f o r  t h i s )  to  choose o n ly  th e  l , t , m ’ s ,  A d iagram  
w i l l  make th e  p ro ce d u re  ad o p ted  c le a r
13
F i ^ i r e  2 ,2  !
%
t \ I \
Sim ple Tree^SeoToh ■ w - .  -  L ev e l z
 -------------------L ev e l y
L evel z
Suppose th e  k n ig h t  i s  moved from  sq u a re  x ^ to  i n i t i a l l y ,  and we want to
choose th e  n e x t move from  th e  l ,k ,m * s  ....................................These a re  scanned
i n  some o rd e r  ( th e  oh^dous way I i n  a sc e n d in g  n u m e ric a l o rd e r  w ith  z^<
.................< z^) and th e  f i r s t  l . t . m .  e n c o u n te re d  i s  ch o sen , i . e .  i f  z , i s  n o t
a  l . t . m ,  from  y  ^ , th e n  E ^ is  t e s t e d  and so on . ’?hen a  l . t . m .  h a s  been  fo u n d , 
th e n  we conduct a  s im i l a r  s e a rc h  f o r  l . t . m ’s a t  th e  l e v e l  below  z .  On 
th e  o th e r  h an d , i f  none o f  th e  z*s i s  a  l . t . m . , th e  k n i ^ t  can n o t move 
from  y^ , so  we m ust go back up th e  t r e e  to  l e v e l  x ,  and t r y  th e  n e x t move 
co n seq u en t to  x„ which i s  a  l . t . m . ,  y ^ , s a y .
By t h i s  s im p le  p ro c e d u re , we can  e x e c u te  an  e x h a u s t iv e  l e f t - t o - r i ^ t , 
to p - to -b o t to m , ’yoyo* t r e e - s e a r c h ,  and p r i n t  o u t o u r  p a th  down th e  t r e e  
e v e ry  tim e  a  d ep th  o f  36 below  th e  r o o t  i s  re a c h e d .
I n  1 .4}  th e  c o n v e n tio n  was su o p te d  o f  d e f in in g  th e  to u r  in  an  u n d ir e c te d  
f a s h io n ;  n e v e r th e le s s ,  we in tro d u c e  o r i e n t a t i o n  c o n s id e r a t io n s  i n to  th e  
prob lem  as  th e y  a f f o r d  a n  e a s y  means o f  e x t r a c t i n g  ’ c lockw ise*  to u r s  w hich 
we have d e f in e d  to  be th e  same a s  ’a n ti-c lo c k w is e *  o n e s .
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T h is  e x t r a c t i o n  i s  v e ry  s in ip ly  p e rfo rm ed , Y/e o b se rv e  t h a t  th e  c o rn e r  
sq u a re s  a re  o n ly  d o u b ly -co n n e c ted  so t h a t  th e r e  e x i s t s  j u s t  one e n tra n c e  
and j u s t  one e x i t  ( s e e  F ig u re  2 .3 )  f o r  such  a  s q u a re .  I f  th e  to u r  i s  
commenced a t  sq u a re  X and le a v e s  v i a  Y, i t  m ust r e t u r n  to  X t h r o u ^  2 , 
and v ic e  v e r s a .  We can  malce a  com plete  t r e e - s e a r c h  f o r  to u r s  b e g in n in g  
X ,  Y , . ,  . ,  ,  and i n  so  d o in g  we a u to m a t ic a l ly  f i n d  a l l  th e  to u i's  e n d in g  
. . . . 5 Z , Xj t h e s e 5 when- t r a v e r s e d  i n  th e  o p p o s i te  d i r e c t i o n  g ive  a l l  
th e  to u r s  b e g in n in g  X, Z , . . . . , and e n d in g  . . . . Yg X, and i f  we 
r e f l e c t  e ach  one o f  th e s e  i n  th e  b o a rd 's  m ain d ia g o n a l , we a r r iv e  back  a t  
a  s e t  o f  to u r s  s t a r t i n g  X, Y, . ,  . .  and e n d in g  . . . .  Z^ X « o b v io u s ly  






/  , r e d i r e c t i o n  t
' /
X V
r e f l e c t i o n   ^
I
s
F ig u re  2 .3  C orner Square  
Moves
F ig u re  2 .4  D iag o n al R e f le o t lo n  
and R e d ir e c t io n
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. H o tio e  t h a t  no a ssu m p tio n  o f  d i.agonal symmetry h a s  b een  made h e r e ;  th e  
p ro c e s s e s  o f  r e d i r e c t i o n  and r e f l e c t i o n  o f  a  k n i ^ t ’s  to u r  a s s u re  f i n d in g  
a  to u r  o f  th e  same o r i e n t a t i o n ,  b u t u n le s s  th e r e  i s  com plete  sym m etry
• a b o u t th e  m ain  d ia g o n a l th e  o r i g n a l  t o u r ,  th e  new to u r  w i l l  be a
d i f f e r e n t  o n e . We can  se e  t h i s  by th e  f o l lo w in g  a rgum en t; l e t  A be a
I t  ' kk
k n l ^ t ' s  to u r  y and l e t  a n d  r e s p e c t iv e ly  r e p r e s e n t  th e  o p e ra t io n s  o f  
r e d i r e c t i o n  and  r e f l e c t i o n ,  C lea i’l y  we have
I
( A ') '  = A(A.inv* : (W
( ( A ' ) * ) *  = A *  
o u t ( ( A ') * ) *  = A ',  by ( i i )
, . A* = A*
We have t a c i t l y  assumed here  the c lo su re  o f the s e t  o f k n ig h t 's  toux’S 
under th e  two o p e ra tio n s .
T h is  r e s u l t  s im p ly  s t a t e s  t h a t  i f  a  k n i ^ t ' s  to u r  u n d e rg o es  th e  op­
e r a t i o n s  o f  r e d i r e c t i o n  and r e f l e c t i o n  and th e  r e s u l t  i s  th e  same k n ig h t  ' a 
t o u r ,  th e n  th e  35t h  sq u a re  o f  th e  to u r  m ust be th e  l i r r o r - im a g e  o f  th e  
2nd s q u a r e , th e  54t h  th e  image o f  th e  3rd  ^ and so on@
H ow ever, th e  o r i g i n a l  i n t e n t i o n  o f  r e s t r i c t i n g  th e  t r e e - s e a r c h  
t o  a  p a r t i c u l a r  d i r e c t i o n  o f  to u r  s t i l l  h o ld s  good, f o r  when we c o n s id e r  
th e  k n i ^ t ' s  to u r s  a s  a  c l a s s ,  r e d i r e c t i o n  and r e f l e c t i o n  w i l l  p roduce 
th e  same c l a s s , b u t  i t s  members w i l l  be o rd e re d  d i f f e r e n t l y  to  th e  way 
th e y a p p e a r  i n  th e  t r e e - s e a r c h .
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So th e  u n d e rn o te d  c o n v e n tio n  i s  u se d ; th e  h o a rd  b e in g  numbered as 
i n  F ig u re  2 .5 ,  th e  k n ig li t  s t a r t s  a t  sq u a re  1 , and a lw ays le a v e s  th e  
c o rn e r  by  sq u a re  9 i r e - e n t e r s  i t  by  sq u a re  14 . T h is  c u ts  th e  s i z e  
o f  th e  s e a rc h  im m e d ia te ly  by 50 p e r  c e n t .
1 1 3 4 5 €
7 ? 9 10 11 11
13 14 15 16 17 19
19 20 21 11 23 14
IS i s 27 19 29 30
31 31 33 34 35 36
F ig o re  2 ,5  B oard-N um bering
As we s t a t e d  b e f o r e ,  th e  c h ie f  t a s k  i n  a t te m p t in g  s o lu t io n  o f  th e  
k n i ^ t ’ s  to u r  problem  i s  to  red u c e  th e  t r e e - s e a r c h  a s  much a s  p o s s ib le  
by  p ru n in g  u n p ro d u c tiv e  b ran ch es  a s  e a r l y  a s  p o s s ib l e .  The q u e s t io n  
w hich th e n  a r i s e s  i s  how we re c o g n is e  an  u n p ro d u c tiv e  b ra n c h ;- s o  fæ : 
we have n o t b e t t e r e d  th e  s t i p u l a t i o n  o f th e  prob lem  i t s e l f ,  i . e .  t h a t  
i f  none o f  th e  l e ^ l  s u c c e s s o rs  to  a  node s a t i s f i e s  th e  n o n r e p e t i t i v l t y  
c r i t e r i o n ,  th e n  th e  s u b t r e e  ro o te d  a t  t h a t  node i s  u n p ro d u c tiv e . The 
m ost p o w erfu l a d d i t i o n a l  c r i t e r i o n  y e t  found  w i l l  now be d e s c r ib e d ;  
t h i s  i s  th e  b a s is  o f  o u r  m ethod, and was found  in d e p e n d e n tly ;  i t  h as  
p r e v io u s ly  ap p ea red  i n  a n  i n t e r n a l  r e p o r t  by  J , J ,  Duby ( q . v . ) .  V ario u s  
w eaker c r i t e r i a  were a ls o  in v e s t i g a t e d  and w i l l  be d is c u s s e d  l a t e r .
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2 .2 * 1  Lookahead f o r  D ead-ends I n  g e n e ra l ,  when th e  k n i ^ t  i s  
s i t u a t e d  a t  a  s q u a re ,  i t  i s  f a c e d  w ith  th e  o p t io n  o f  m aking one o f  
a  num ber o f  moves ( a s  many a s  7) ? i n  c e r t a i n  c irc u m s ta n c e s , how ever, 
lo o k in g  one move aliead  r e v e a l s  a n  u n te n a b le  s t a t e  o f  a f f a j . r s  w hich 
can  o n ly  be r e s o lv e d  by  one p a r t i c u l a r  ch o ic e  o f  move.
A l th o u ^  t h i s  m ethod h as b een  c l a s s i f i e d ,  a s  a  t r e e - s e a r c h ,  a  
d ig r e s s io n  i n t o  g r a p h ic a l  te rm in o lo g y  w i l l  be h e lp f u l  h e r e .
C o n sid e r  th e  k n i ^ t  p o s i t io n e d  a t  v e r te x  X (F ig u re  2 .6 ) ,  a d ja c e n t  
to  v e r t i c e s  L , M, and IT, I f  th e  k n i ^ t  moves to  L th e n  i t  h a s  a
f u r t h e r  c h o ic e  o f  4 moves ( d o t te d )  s u b s e q u e n tly ;  from  M i t  h as a
c h o ic e  o f  and  from  H o n ly  one e x i t  i s  open to  i t .  ITow assume
we makd, th e  move XL, X w i l l  n o t now be v i s i t e d  a g a in  d u r in g  th e  t o u r ,
and  h en ce  we have  e f f e c t i v e l y  removed th e  e d ^ s  XM, and Xh* The 
co n seq u en ces o f  t h i s  a re  n o t s e r io u s  f o r  th e  v e r te x  M w hich i s  s t i l l  
c o n n ec te d  to  5 o th e r  v e r t i c e s ,  b u t IT i s  now o n ly  jo in e d  to  P , so t h a t  
t h e r e  i s  no way o f  l e a v in g  IT h a v in g  once made th e  move PIT a t  some 
l a t e r  s t a ^  (n o te  t h a t  we a re  o b l ig e d  to  v i s i t  H l a t e r  i n  th e  t o u r ) ,
\





T h is  c o n d i t io n  h a s  a r i s e n  he cause  we have ig n o re d  a  fu n d am en ta l p ro p e r ty  
o f  k n ig h t ’ s  t o u r s 3 vlSo each  v e r te x  o f  th e  e q u iv a le n t  g raph  o f  a  k n i ^ t ’ s 
to u r  h a s  a  d e g re e  o f  2 .  By m oving to  Lj we have a llo w e d  th e  d e gpree o f  
v e r te x  H to  become 1 , th u s  p re c lu d in g  any p o s s i b i l i t y  o f  r e a c h in g  a  
to u r  5 s i m i l a r l y  i f  we move to  M* The k n i ^ i t  a t  X h a s  no o p t io n  h a t  to  
go to  H, and th e  lo o k ah ead  te c h n iq u e  7/h ich  r e c o g n is e s  s i t u a t i o n s  o f  t h i s  
ty p e  can  p ro v id e  a n  e x tre m e ly  p o w erfu l t o o l  f o r  p ru n in g  th e  se  a r c h - t r e e *  
X ts  e f f e c t  on th e  t r e e  i s  sho?m i n  F ig u re  2 ,7 ?  and i t  i s  p l a i n  t h a t  
th e  e a r l i e r  i n  th e  s e a rc h  t h a t  th e  lo o k ah ead  c o n d i t io n  i s  f u l f i l l e d  th e  
l a r ^ r  th e  s u b tr e e  w i l l  be p ru n ed .
tUesc ^  
Subtrees /  I \
/  \
/
F ig u re  2 ,7  Lookaiiead F ru n in g  
F o r  conven ience  i n  d e s c r ib in g  th e  program  i n  th e  n e x t c h a p te r ,  two ite m s  
o f  n o m en c la tu re  w i l l  be in tro d u c e d  h e r e .
By a  GOTO m ove, we w i l l  mean a  le 'g a l to u r  move w hich i s  f o rc e d  
by th e  p re se n c e  o f  th e  above c o n d i t io n ,  i . e .  one o f  th e  p o s s ib le  sub­
seq u en t moves i s  to  a  d o u b ly -c o n n e c te d  s q u a re .
By a  TEST move we w i l l  mean any o th e r  l e g a l  move down th e  se  a rc h ­
t r e e .
R e f e r r in g  a g a in  to  F ig u re  2 .7 ,  th e r e  a re  a  number o f  o th e r  b e n e f i t s
a r i s i n g  from  th e  u se  o f  th e  c r i t e r i o n .
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I n  th e  norm al w ay, had  o n ly  L and SI been  pen d an t from  X , th e n  a f t e r  
th e  s u b tr e e  o f  L h ad  b e en  se a rc h e d  f o r  t o u r s ,  th e  s e a rc h  would have gone 
up  t o  X , down to  M ,and th ro u g ji a l l  o f  M’s s u b t r e e .  I n  th e  p re se n c e  o f  
N? how ever, th e  s u b t r e e s  o f  L and M a re  p runed  c o m p le te ly , and when h*s 
s u b tre e  h a s  been  e x h a u s t iv e ly  t r i e d  th e  l e v e l  o f  X can  be ig n o re d , and 
an  im m ediate  r i s e  t o  th e  l e v e l  o f  X’s  p re d e c e s s o r  made b e fo re  m oving down 
a ^ i n .  T h is  p ro c e ss  re d u c e s  to  a b s u r d i ty  th e  t r e e - s e a r c h  on th e  4 % 4 
bo a rd  (F ig u re  1 ,5 )?  f o r  a f t e r  th e  i n i t i a l  move 1 — > 7 ,  th e  ch o ice  o f  
sq u a re  9? 1 4 , o r  16 i s  d e te rm in e d  by  7 — ^ l 6  b e in g  a  GOTO move. The 
1 6 — ”>10' i s  f o r c e d ,  and th e n  10— e* 1 i s  a ls o  a  GOTO move, so t h a t  i f  no 
dead  ends ai*e to  be l e f t ,  th e  k n i ^ t  m ust r e t u r n  to  sq u a re  1 i n  o n ly  
4 m ovesr i t  i s  th u s  im p o s s ib le  to  g e t a  k n ig h t ’ s to u r  on  a  4 % 4 b o a rd ,
A more complex s i t u a t i o n  (b u t  n e v e r th e le s s  one w hich does o c c u r i n  p r a c t i c e )  
i s  when more th a n  one o f  1 ,  M, and N i s  d o a ib ly -co n n ec ted , i . e ,  th e r e  a re  
2 o r  more GOTO moves from  th e  sq u a re  p r e s e n t ly  o c c u p ie d ; i n  t h i s  e v en t-  
(F ig u re  2 ,8 )  ch o ice  o f  e i t h e r  M o r  h  le a d s  to  th e  o th e r  one b e in g  a  
* d e ad -en d * , and th e  c h o ic e  o f  L le a v e s  b o th  M and h  a t t a i n a b l e  from  o n ly  
one vez’te x  (p  and Q r e s p e c t i v e l y ) .  T here i s  no way o f  m oving down th e  
t r e e  h e re  w h i l s t  s t i l l  r e t a i n i n g  th e  p o s s i b i l i t y  o f  a  k n i ^ i t ’s  t o u r ,  so  
we m ust b a c k tra c k  to  th e  l e v e l  above X once more b e fo re  re su m in g  th e  
downward s e a r c h .
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L/
/F ig u re  2 ,8  
Double GOTO
GOTO moves can  o c c u r a t  any  number o f  s u c c e s s iv e  l e v e l s  i n  th e  t r e e ,  
and  p a r t i c u l a r l y  i n  th e  d e e p e r  l e v e l s  i t  i s  common to  f i n d  6 o r  7 
co n secu .tiv e  f o rc e d  moves due to  th in n in g  o f th e  g raph  by  th e  ed g e - 
rem ova l te c h r iq u e  m en tioned  a t  th e  b e g in n in g  o f  th e  s u b s e c t io n .  T h is 
o f  c o u rse  im p lie s  t h a t  b a c k t r a c k in g  up s e v e r a l  l e v e l s  -w ithout need  to  
check  doY/nward b ran c h es  v d l l  su b s e q u e n tly  o c c u r , and  th e r e f o r e  a  f a s t  
bade t r a c k  on GOTO moves sh o u ld  be in c o rp o ra te d  i n  th e  p rogram .
We c lo s e  t h i s  s u b s e c t io n  "with a  summary i n  t a b l e  form  o f  th e  
a c t io n  r e q u i r e d  a t  nodes i n  th e  t r e e  w ith  v a r io u s  numbers o f  GOTO m oves, 
b o th  when m oving up and when m oving dovm th e  s e a r c h - t r e e .
No, o f  GOTO moves Down Up
0 A r b i t r a r y  ch o ice  o f 
TEST move
T ry  new TEST move down; 
i f  a l l  a l r e a d y  t r i e d ,  up 
one l e v e l
: 1 F o rced  ch o ice  o f
GOTO move; ig n o re  TEST
moves
Go s t r a i g h t  up one l e v e l
> 1 . I|> one l e v e l «
T able  2 ,1
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2 ,2 ,2  S h o rt Loops The co n cep t o f  th e  s h o r t  lo o p  a s  a  c r i t e r i o n  f o r  
p ru n in g  b ran c h es  i s  due s o l e l y  to  th e  ch o ice  o f  th e  c o rn e r  sq u a re  a s  
th e  k n i ^ t * s  s t a r t i n g  p o i n t ,  We have se e n  t h a t  c o rn e r  sq u a re  1 i s  
c o n n ec te d  o n ly  to  s q u a re s  9 and 1 4 ? th e  fo rm er b e in g  u se d  a t  th e  s t a i ' t  
o f  th e  t o u r ;  th e  v e ry  s im p le  s h o r t  lo o p  c r i t e r i o n  s t a t e s  t h a t  sq u a re  
14 m ust n o t be re a c h e d  b e fo re  move 35* O th erw ise  one o f two u n a c c e p t­
a b le  a l t e r n a t i v e s  may o c c u r;- .
(a )  i f  th e  move 1 4 — >1 i s  made, th e  c y c le  from  sq u a re  1 back to  
sq u a re  1 h a s  b e en  acco m p lish ed  i n <35 m oves, so  n o t e v e ry  sq u a re  
on  th e  b o a rd  h a s  been  v i s i t e d ,
(b ) i f  th e  move 1 4 --- >1 i s  n o t made, th e  k n i ^ t  can n o t g e t back
to  sq u a re  1 su b s e q u e n tly  w ith o u t v i s i t i n g  sq u a re  14 a  second
t im e ,
B oth  th e s e  v i o l a t e  th e  r u l e s  o f  th e  k n i ^ t * s  t o u r .
Square I 4 may a p p e a r  e i t h e r  a s  a  TEST move o r  a s  a  GOTO move. I n  
th e  fo rm er I n s t a n c e ,  a p p l i c a t i o n  o f th e  c r i t e r i o n  i s  e q u iv a le n t  to  lo s s  
o f  j u s t  one b ran c h  (an d  i t s  coasecjuent s u b t r e e ) , b u t  i n  th e  l a t t e r  b o th  
c r i t e r i a  can  be com bined; i f  IT i s  sq u a re  14 i n  F ig u re  2 ,7 ?  th e n  ch o ice  
o f  L o r  M canno t p roduce  any  t o u r s ,  a s  b e fo r e ,  b u t now n e i t h e r  can  choos­
i n g  IT f o r  th e  re a so n s  j u s t  s t a t e d ,  h e n c e , th e  c o m b in a tio n  o f a  GOTO
and a  s h o r t  lo o p  move a t  a  p a r t i c u l a r  l e v e l  o f  th e  s e a rc h  ^ v e  s u f f i c i e n t
re a s o n  to  p ru n e  th e  b ran c h  a t  t h a t  l e v e l ,  and go one u p .
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2 ,2 ,3  E x te n s io n s  o f  th e  S h o r t Loop P r in c ip l e  S in ce  we have sho™  
th e  n e c e s s i t y  o f  Iba'^/ing sq u a re  I 4 unused  u n t i l  th e  3 5 tb  move, 
p l a i n l y  we may e x te n d  t h i s  id e a  back and conclude  t h a t  n o t a l l  o f  
s q u a re s  3s 10? 2 2 , 25 and 27 may be u se d  b e fo re  th e  34 th  move and 
even  t h a t  n o t a l l  o f  2 ,  6 , 7? 9  9 H ?  15 , 1 8 , 1 9 , 2 1 , 2 3 , 2 6 , 30 , 5 1 » 
33? 35 can  o c c u r b e fo re  th e  33^d, The l ik e l ih o o d  o f  t h i s  e v e r  i n  f a c t  
h a p p e n in g  m ust be r e g a r d e d  a s  e x tre m e ly  s m a l l ,  and i n  any case  th e  
tim e consumed i n  a p p ly in g  th e  t e s t  w i l l  c e r t a i n l y  n o t b a la n c e  up  th e  
tim e sa v e d . The c r i t e r i o n  grows w eaker th e  f u r t h e r  up th e  t r e e  we 
t r y  to  a p p ly  i t ,  a s  th e  number o f sq u a re s  a l l  o f  wliich m ust n o t have  
b een  v i s i t e d  in c r e a s e s  w h i l s t  th e  number o f  moves a l l o t t e d  i s  de­
c re a s in g ?  i t  r a p i d l y  becomes a  n e a r  c e r t a i n t y  t h a t  n o t  a l l  th e  sq u a re s  
s t i p u l a t e d  w i l l  have  v i s i t e d ,
A s i m i l a r  a p p ro ach  i s  to  b u i ld  th e  t o u r  from  b o th  ends w liich , 
r a t h e r  th a n  t e s t i n g  w h e th er a l l  o f  a  s e t  o f  sq u a re s  ha,s been  u se d  
b e fo re  a  c e r t a i n  s t a g e ,  t e s t s  to  see  when one o f  t h a t  s e t  rem ains and
chooses t h a t  sq u a re  a s  an  end move. F o r exam ple i n  c o n d u c tin g  th e
o r d in a r y  t r e e - s e a r c h  we h a v e ;
0t h  sq u a re  is 1 ,  , , 36th  sq u a re  = 1
1 s t  s q u a r e  U  9  ,  s q u a r e  =  I 4
A f te r  s e v e r a l  m oves, sq u a re s  3 , 10 , 25 and  27 have b een  u s e d ,
•
, , 34t h  sq u a re  = 2 2 .
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T h is  s t i f f  e r s  from  th e  same w eakness a s  th e  o th e r ,  how ever, and can n o t 
he c o n s id e re d  a  v ia b le  m ethod, A much more p o te n t  'two-way* c o n s t r u c t io n  
w i l l  be d e s c r ib e d  i n  a  l a t e r  s e c t io n  o f t h i s  c h a p te r .
2 , 3  Dynamic P ru n in g  T re e -S e a rc h  The e le m e n ts  o f  a  s t r i n g  o f  sq u a re s  i n  
ai t o u r  may i n  c e r t a i n  c a se s  be perm uted  ( s e e  2 ,6 ) ,  A gain  we talce a s  
a x io m a tic  th e  s ta te m e n t  ' i f  th e  s t r i n g  o f  sq u a re s  A, s t a r t i n g  from  th e  
rq () t o f  th e  t r e e ,  i s  u n p ro d u c tiv e  o f  k n i ^ i t ' s  t o u r s ,  th e n  so w i l l  be ana*" 
s t r i n g  P , where Pep (a )  , p (A) b e in g  th e  c la s s  o f  p e rm u ta tio n s  o f  A, a ls o  
s t a r t i n g  a t  th e  r o o t ,  w hich a re  sequences o f  l , t , m ' s .
The p ro ced u re  w ould c o n s i s t  o f  s t o r i n g  a  t a b l e  o f  u n p ro d u c tiv e  s t r i n g s  
and com pari.ng th e  s t r i n g  o f  moves b e in g  g e n e ra te d  w ith  t h i s  t a b l e .  I f  
a t  any  s ta g e  a  m atch i s  made ( i n  th e  se n se  t h a t  th e  e le m e n ts  o f  th e  un­
p ro d u c t iv e  s t r i n g  and  th e  c u r r e n t  s t r i n g  a re  th e  sem e, t h o u ^  d i f f e r e n t l y  
o rd e re d )  th e n  th e  c u r r e n t  b ran ch  i s  abandoned , A new e n t r y  i n  th e  t a b le  
i s  made e v e ry  tim e th e  c u r r e n t  branoîi c e a se s  i t s  downward tre n d ?  th e  
e le m e n ts ,  s t a r t i n g  r i ^ t  a t  th e  r o o t  o f  th e  b ran ch  w ith  sq u a re  1 , a re  
l i s t e d .  The n e x t s t e p  i s  to  go up one l e v e l ,  th e n  down one a g a in , t r y i n g  
th e  n e x t co n seq u en t move, (an d  e n te r in g  t h a t  e n t i r e  b ran c h  i n  th e  t a b le )
and  so  on  u n t i l  a l l  th e  co n seq u e n ts  a t  t h a t  l e v e l  have been  t r i e d ,  w here­
upon  s e a r c h in g  f o r  p ro d u c tiv e  r o u te s  goes up to  th e  n e x t l e v e l ,  and th e
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e n t r i e s  j u s t  made a re  m e r ^ d ,  th e  l a s t  e lem en t b e in g  o b l i t e r a t e d  
(F ig u re  2 ,9 ) .  The id e a  i s  to  red u ce  th e  le n g th  o f  e n t r i e s  i n  the- t a b le  
a s  much as  p o s s ib le  s in c e
(a )  th e  s h o r t e r  a  s t r i n g ,  th e  more s i g n i f i c a n t  i t  i s  ( s e e  below ) ;
(b ) s to r a g e  space  i s  an  im p o r ta n t  c o n s id e r a t io n  p a r t i c u l a r l y  i f  th e  
m ethod i s  to  be e x te n d ed  to  an  8 x  8 b o a rd .
By (a )  we mean t h a t  i f ,  f o r  exam ple, a  s t r i n g  o f  19 moves p ro v es  t o  be 
u n p ro d u c tiv e , th e n ,  i f  some p e rm u ta tio n  o f  th e s e  moves l a t e r  a r i s e s ,  
we can  a b o r t  th e  b ran ch  a t  t h i s  p o in t  ( i , e ,  e f f e c t i v e l y  we p rune th e  
s u b tr e e  below  th e  20th  node) 5 how much b ig g e r ,  t h e r e f o r e ,  th e  s u b tr e e  
we p ru n e  i f  a  p e rm u ta tio n  o f  an  u n p ro d u c tiv e  7-move s t r i n g  a p p e a rs .
On th e  o th e r  h a n d , th e  number o f  p e rm u ta tio n s  (w hich  m ight be term ed  
th e  u s e fu ln e s s )  on a  s t r i n g  in c r e a s e s  w ith  i n c r e a s in g  le n g th  o f  s t r i n g .
2R
Do??nward p ro g re s s  from  2^ im peded by  f a i l u r e  to  
"E3 comply w ith  n o n r e p e t i t i v i t y  c r i t e r i o n
(a)
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T ab le  e n t r y  made
t r i e d  -  b o th  i t  and s u b tr e e  u n p ro d u c tiv e
T ab le  e n t r y
S im i la r ly  f o r  2^, 
S ta te  o f  t a b l e : -
1 9 ......................X T, 2 ,
1 9 ......................X Z i
1 9 . .  . . . X Yi Z)
Ko more p o s s i b i l i t i e s  a t  l e v e l  .2^^ so  tip to  l e v e l  X, 
th e n  t r y
PREVIOUS EKTHIES PREVIOUS EI Î^TRIES




T ab le  h o u se k ee p in g  and new e n t r y
is)
P ig u re  2 , 9  Dynamic p ru n in g  t r e e - s e a r c h  
t a b l e  h o u se k ee p in g
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M erely  from  c o n s id e r a t io n  o f  ijhe h eav y , c o n tin u o u s  amount o f  house­
k e e p in g  and th e  accom panying s to ra g e  p rob lem , how ever, t h i s  app roach  
a p p a re n t ly  h a s  s e r io u s  draw backs 5 o th e r  c r i t e r i a  may p ro v id e  more d r a s t i c  
means o f  pruning#
2 #4 L i s t i n g  H a l f - to u r s  and M atch ing  L et u s  n e x t c o n s id e r  th e  p roblem
o f  g row ing  two t r e e s ,  each  18 moves lo n g  and m a tc h in g  b ran c h es  o f  th e s e  
to  foima k n i ^ i t ' s  to u rs#  The r e q u i r e d  c o n d i t io n  i s  a s  fo llo w s
Suppose th e  o p e ra t io n s  ^  to  r e t a i n  t h e i r  p re v io u s  s i gci3.ficanoe 
and l e t  S^, Sj^be any  s t r i n g s  o f  18 l# t#m *s s t a r t i n g  l-'^9* Then S{^(Sj*)* 
i s  a  k n i ^ t * s  toujr i f  Sj^nSj^=îl](c o n s id e r in g  8^, 8^ * a s  s e t s  o f  sq u a re s )  *
By ju x ta p o s in g  8^ and ( 8 ^ * ) ' we mean th e  sequence  fo llo w e d  by th e  
sequence
0
How t h i s  ap p ro a ch , to o ,  ru n s  i n to  c o m p lic a tio n s  because  i t  m ust n o t 
be assum ed t h a t  f o r  e v e ry  th e r e  e x i s t s  a  u n iq u e  8^ so t h a t  ^ t o u r s  
can  be c a n c e l le d  i n  p a i r s  o f f  a  l i s t  w hich i s  c o n t in u a l ly  d e c re a s in g  i n  
l e n g th .  We f r e q u e n t ly  f i n d  i n  th e  e x h a u s tiv e  top-dow n t r e e - s e a r c h  t h a t  
b ran c h es  te rm in a te  a t  some d e p th  g r e a te r  th a n  18 , y e t  s h o r t  o f  a  f u l l  
t o u r ;  th e  f i r s t  18 moves o f  such  a  branchyIm ve no c o rre sp o n d in g  t a i l - e n d  
to  malce a  com plete  k n i ^ t ’ s  t o u r .  On th e  o th e r  h a n d , i t  i s  q u i te  f e a s ­
i b l e  t h a t  an  S j e x i s t s  f o r  a  h a l f - t o u r  8 , and  t h a t  a  p e rm u ta tio n  o f
th e  sq u a re s  o f  8^ o f  th e  ty p e  m en tioned  i n  th e  l a s t  p a ra g ra p h  and d es­
c r ib e d  i n  more d e t a i l  i n  2#6 e x i s t s  so t h a t  th e r e  may be a  c la s s  o f  
k n ig & t 's  to u r s  ( p ( S ^ * ) ) ' a l l  s t a r t i n g  w ith  th e  same h a ‘l f - to u r ,S (^ ,
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The m atch ing ’ migjbt be e f f e c t e d  i n  a  munber o f w a y s ,th e  e a s i e s t  con­
c e p tu a l ly  b e in g  t h a t  o f  h a v in g  a  l i s t  o f  'h e a d s ’ and a  l i s t  o f  ’ t e d l s ’ , 
and each  ’h e a d ’ i s  com pared w ith  a l l  th e  ’ t a i l s ’ f o r  a  m atch . A f te r  
t h i s  p ro c e s s  i s  co m p le te , o n ly  th e  ’h e a d ’ can  be rem oved, s in c e  any 
’ t a i l s ’ m atched w ith  i t  may a ls o  m atch a n o th e r  ’h e a d ’ . An a tte m p t i s
th e n  made t o  m atch th e  n e x t head  and so on r i ^ t  down th e  l i s t  o f
X
’h e a d s ’ ( s e e  F ig u re  g . lO ) .
Heads
Heads
Heads T a i l s
T a i l s
3
4
g \ \  ^  '
£ \  \
- ..... - ' \  \
\
T a i l s
(a ) 1 s t  ’Head’ m atches 1 ’ t a i l ’
(b) 1 s t  ’H ead’ i s  rem oved, and 
2nd m atches no t a i l s
(c )  2nd ’Head’ rem oved, and 
3 rd  m atches 5 t a i l s ,  e t c .
F ig u re  2 .1 0  M atch ing  o f H a l f - to u r s
2 8
The e a s i e s t  way t o  compare two s t r i n g s  f o r  common sq u a re s  i s  to
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r e p r e s e n t  th e  sq u a re s  p r e s e n t  i n  each  i n  a  ■ i - 'b i t  b o o le a n  v e c to r  and 
p e rfo rm  th e  l o g i c a l  o p e r a t io n  ’ and* on them ; The r e s u l t  can  r e a d i l y  be 
checked  to  e n su re  t h a t  1 i s  th e  o n ly  common s q u a re .  But f o r  o u tp u t purpos* 
t h i s  i s  i n s u f f i c i e n t ,  and  we a ls o  r e q u i r e  a  b in a r y  r e p r e s e n ta t io n  ( f o r  
com pactness) o f  th e  a c t u a l  o r d e r in g  o f  th e  sq u a re s  i n  th e  h a l f - t o u r ;  
f o r  th e  6 x 6  p rob lem , 18 x 6 b i t s  = 5 48™b i t  words i s  a d e q u a te . A 
com plete  s p e c i f i c a t i o n  o f  a l l  18-move s t r i n g ^  from  sq u a re  1 n e c e s s i t a t e s  
e i t h e r  s t o r i n g  th e  m irro r- im a g e s  o r  fo rm in g  them  a t  m a tc h -tim e . I n  th e  
case  o f  th e  b o o le a n  v e c t o r s ,  t h i s  i s  a cco m p lish ed  by  u s in g  th e  l o g e a i  
o p e ra t io n  w h ile  th e  b in a r y  r e p r e s e n ta t io n  o f  th e  m o v e -o rd e rin g  r e q u i r e s  
a  sy m m etrica l num bering  o f  th e  b o a rd  (F ig u re  2 .1 1 ) ,  and s u b t r a c t io n  o f 
th e  s p e c i f i c a t i o n  from  a  word o f  th e  form  ( 5555555553533553)g M .th  s u i t -  
a b le  m o d if ic a t io n  to  a llo w  f o r  d ia g o n a l e le m e n ts . Thus each  h a l f - t o u r  
and i t s  r e f l e c t i o n  needs 8 words to  s p e c i f y  i t  c o m p le te ly .
F ig u re  2 ,1 1 Sym m etric b o a rd -n u m b erin g
1 7 3 9 10 11
36 1 12 13 14 . 15
36 31 3 16 17 13
34 30 27 4 19 20
33 29 2G 24 5 21
32 23 15 23 22 6
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W h ils t th e  t r e e - s e a r c h  f o r  h a l f - t o u r s  i s  s i g n i f i c a n t l y  c u r t a i l e d ,  th e  
a d d i t i o n a l  p ro ce d u re  o f  m a tch in g  h a l f - t o u r s  i n  q u i te  in v o lv e d , and th e  
v i a b i l i t y  o r  o th e rw ise  o f  th e  m ethod r e a l l y  depends on th e  number o f  
, h a l f - t o u r s  p roduced  and th e  co nsequen t m agnitude (b o th  from  th e  tim e  and 
sp ace  p o in t s  o f  view ) o f  th e  m a tch in g ,
2 ,5  C o rn e r- to -C o rn e r  S t r in g s  We have a l r e a d y  made u se  o f  th e  p a r t i c u l a r  
p ro p e r ty  o f th e  c o rn e r  s q u a r e s . th a t  each  h as  o n ly  one e n tra n c e  and e x i t ,  
T h e ir  u s e f u ln e s s  i n  t h i s  r e s p e c t  suggest#  a n o th e r  way o f  d iv id in g  k n i . ^ t * s  
to u r s  to  u se  th e  sym m etry o f  th e  b o a rd  to  a  g r e a t e r  e x te n t ;  we c o n s t r u c t  
th e  to u r  o f  4  s t r i n g s  each  o f  w hich jo in s  one c o rn e r  to  s ,n o th e r ,
How e v e ry  to u r  p a sse s  t h r o u ^  each  c o rn e r  o n ce , and i t  i s  r e a d i l y  
a p p a re n t  t h a t  th e s e  c o rn e rs  m ust be t r a v e r s e d  i n  one o r  o th e r  o f  th e  ways 
shom i i n  F ig u re  2 ,1 2 , The d is c u s s io n  o f  th e  sym m etry o f  th e s e  ty p e s  o f  
to u r s  w i l l  a p p e a r  i n  C h ap te r 4» b u t a t  p re s e n t  we a re  m ere ly  i n t e r e s t e d  
i n  b u i ld in g  u p  a  to u r  from  c o rn e r - to - c o r n e r  s t r i n g s j  and t h i s  we see  i s  
' p o s s ib le  e i t h e r  by com bin ing  4 s t r i n g s  w hich go from  one c o rn e r  to  an  
a d ja c e n t  c o rn e r ,  o r  by  u s in g  2 s t r i n g  o f  t h i s  ty p e ,  and 2 w hich go from  
one c o rn e r  to  th e  d ia g o n a l ly  o p p o s ite  c o rn e r .  I f  th e  c o rn e rs  a re  num­
b e re d  1 —> 4  c lo ck y d se  from  to p  l e f t ,  th e  to u r  may be e i t h e r  o f  th e  form s
( i )  l -* 2 -» 3 -* 4
( i i )
( i i i )  I -3,^ ->2-^4 
(; .(iv ) 1-»  5 - ^ 4 ^ 2
■
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F i n n ’s  2» 12 Use o f  o o m e r- to ^ o o T n e r  
s t r i n g s  to  b id .Id  up k n i^ ^ t^ s  
to u r s
We th e r e f o r e  stoed s t r i n g s  j o in in g  each  c o rn e r  to  e v e ry  o th e r  and th e s e  can  
he o b ta in e d  from  1“>2, l - » i , & l-> 3  s t r i n g s  by  th e  o p e ra t io n s  o f  r e f l e c t i o n
and r o t a t i o n ,
T y p ic a lly y  th e  o p e ra t io n  o f  b u i ld in g  up  a  k n i ^ t ’ s to u r  m ight c o n s i s t  
o f  r e f e r e n c in g  a  l i s t  o f  1 -^2  s t r i n g  and m a n ip u la tin g  4 o f  th e s e  u n t i l  a  
s e t  be found  h a v in g  no: n o n -c o m e r  sq u a re s  i n  common and a ls o  s a t i s f y i n g  
th e  c o n d it io n  t h a t  th e  sum o f  th e  le n g th s-  o f  th e  s t r i n g s  be ^6 m oves. 
A l t e r n a t i v e ly ,  th e  m a n ip u la tio n  c o u ld  be c a r r i e d  o u t e a r l i e r  to  g e n e ra te  
e t c ,  and th e s e  s to r e d  w ith  th e  1 -^ 2 , l —>3, and l -> 4  s t r i n g s
to  be a c c e sse d  when needed*
A h ie r a r c h y  o f  v e c to r s  m i ^ t  be b u i l t  up as i n  F ig u re  2 .1 $  w ith  th e  
b o o le a n  v e c to r s  o f  t h e  l a s t  s e c t i o n  d iv id e d  and s u b -d iv id e d  by i n i t i a l  
c o rn e r  and f i n a l  c o rn e r ,  and b y  l e n g th ,  and w ith  each  b o o lea n  v e c to r  p o in t ­
i n g  to  ( s e v e r a l )  o rd e r in g s  o f  th e  sq u a re s  w i th in  i t  l i s t e d  i n  b in a ry  r e p ­
r e s e n t a t i o n  v e c to r s  a s  i n  2 ,4 .
C o rn e r- to -C o rn e r  s t r i n g s
S t a r t  c o rn e r  & 
f i n i s h  c o rn e r
L ength
B oolean  v e c to r s  
( s q u a re s  p re s e n t)
B in a ry  r e p r e s e n ta t io n  o f  
s q u a re -o rd e r in g s
F ig u re  2 ,1 $ H ie ra rc h y  o f  v e c to r s  i n  C o rn e r- to -C o rn e r  
M atching; Problem
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When 4 s u i t a b l e  v e c to r s  have been  found  by t e s t i n g  to  th e  b o o lea n  v e c to r  
l e v e l  o f  th e  t r e e ,  a  number o f  to u r s  may be ^ n e r a d e d  by com bin ing  
th e  v a r io u s  o rd e r in g s  o f  th e s e  v e c to r s .  The o b v io u s  d i f f i c u l t y  w ith  
th e  m ethod i s  th e  ^ c r i t i c  o rg ^ m is a t io n a l  problem  o f  th e  .m atch in g  
U n le ss  th e  number o f  s t r i n g s  to  be m atched i s  r e l a t i v e l y  s m a ll ,  th e  
a d d i t i o n a l  v a r i a b le  in tro d u c e d  s in c e  2 ,4  -  le n g th  o f  s t r i n g  -  th r e a te n s  
to  make th e  whole scheme t o t a l l y  u n m a n a ^ a b le ,
2 ,6  T ra n s fo rm a tio n s  o f  K n i ^ t ' s  T ours A k n i ^ t ? s  to u r  can  be e n v isa g e d  
a s  j u s t  a  s t r i n g  o f  num bers, each  r e p r e s e n t in g  a  sq u a re  v i s i t e d ,  and a s  
such  i t  m ight be s u b je c t  to  th e  o p e ra t io n  o f  p e rm u ta tio n  o f  i t s  e lem en ts*  
C le a r ly ,  i f  we g e n e ra te  a l l  p e rm u ta tio n s  o f  th e  num bers, we w i l l  ^ n -  
e r a t e  a l l  th e  k n i ^ t ’ s  to u r s  (an d  a  g re a t  many $ 6 -number s t r i n g s  v/hich 
a re  n o t to u r s  b e s id e s ) ,  The q u e s t io n  a r i s e s  a s  to  w he ther we can d e v is e  
some o p e ra t io n  w h ich , when a p p lie d  to  a  g iv e n  k n i g h t ’ s t o u r ,  g e n e ra te s  
a  new k n i ^ t ’ s  t o u r ,  a p p l i c a t io n  to  w hich g iv e s  a  new k n ig h t*8 t o u r ,  and 
r e p e a te d  a p p l i c a t io n  o f  w hich g e n e ra te s  a l l  th e  to u r s  on th e  b o a rd ,
2 ,6 ,1 *  Q iia s ifa c to rs  and R e v e rs a ls  One o p e ra t io n  w hich g e n e ra te s  a  
new to u r  from  a  g iv e n  one i s  t h a t  o f  r e v e r s in g  a  s t r i n g  v z ith in  a  to u r  
u n d e r  s p e c i a l  c o n d it io n s  w hich we w i l l  now s p e c i f y .
I f  th e  sq u a re s  A and B a re  s e p a ra te d  by a  k n i ^ t ’ s  move, 
we w r i te  AR.B,
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I f  a  k ï î i ^ t ’ s  tom* c o n ta in s  2 p a i r s  o f  c o n se c u tiv e  sq u a re s  ( th e  p a i r s  
n o t th e m se lv e s  c o n se c u tiv e )  and and a 61Cî b R d , th e n  we
sa y  t h a t  th e  to u r  h a s  a  q u a s i f a o to r  o f  d eg ree  4 ? o r  a  4-Q.‘U-SLsifactor.
Our g iv e n  to u r  i s  o f  th e  fo rm  , . , , A B , , . C I ) , , , , , s o  t h a t  
a l s o  A & J B  and  cA.D, Thus we have th e  s i t u a t i o n  o f  F ig u re  2 ,1 4  (&) o f  a  
lo o p  o f  moves betw een  B and G w hich can  he t r a v e r s e d  i n  e i t h e r  d i r e c t i o n  
a c c o rd in g  a s  th e  p a i r s  [ a , b |  and [CgDj o r  [ a ,c }  and^BjI)^ a re  co n n ec ted  
up* The r e s u l t i n g  new k n l ^ t * s  to u r  i s  ,  , , . AC , , . , BB , , , , ;
T h is  i s  o b ta in e d  hy  s im p ly  r e v e r s in g  th e  s in g l e  s t r i n g  B . . . C , and
so  we r e f e r  to  i t  a s  a  f i r s t - o r d e r  r e v e r s a l .  T here i s  o n ly  one ty p e  o f  
1 s t  o rd e r  r e v e r s a l ,  t h a t  a l r e a d y  s p e c i f i e d ,  and i t  o c c u rs  when th e  to u r
h a s  a  -4 -q u a s ifa c to r  ( th e  q u a s i f a o to r  i t s e l f  i s  th e  g raph  show ing  th e  r e l ­
a t io n s h ip  ft. on  th e  s e t  [A j B, C, -  F ig u re  2 ,1 4  ( h ) ) .
3
c
( a )  F ig u re  2 ,1 4
Q u a s if a o to r  o f  d eg ree  4 (b )
These c o n c e p ts  can  be e x te n d ed  to  more complex s i t u a t i o n s ;  c o n s id e r  th e
to u r  , , , A B . , , G I ) , , , , E F , , , , : i f a  to u r  h a s  th r e e  p a i r s  o f
c o n se c u tiv e  moves ( î î ,B , t h i s  im p l ie s  K.between th e  members o f  a  p a i r )  a ,  
b ,  G, and th e r e  e x i s t  th i 'e e  r e l a t i o n s h i p s
r s i i }
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th e n  we sa y  t h a t  th e  to u r  c o n ta in s  a  q u a s i f a o to r  o f  d eg ree  6 ( 6 - q u a s i f a c to r )  , 
F ig u re  2 ,1 5  shows th e  r e l a t i o n s h i p .
F ig u re  2 ,1 5  
6 - q u a s i f a c to r
L et u s r e t u r n  to  th e  , , , A B , , , C X > , , , E F , , ,  r e p r e s e n ta t io n ,  
and see  what p o s s ib le  s t r in g - p e r m u ta t io n s  a r i s e  from  t h i s  developm en t, 
rem em bering  t h a t  n o t a l l  p e rm u ta tio n s  o f  B, C, D and E a re  f e a s i b l e  due 
to  th e  l i n k i n g  o f  B and C and D and E by u n s p e c i f ie d  c h a in s  o f  m oves.
The p e rm i.ss ib le  v a r i a t i o n s  a re
( a )  .  ,  ,
(b ) . . . > # a BB * * c1 « , EF , • , • ,
(o ) .  .  , , . • BF , , . . ,
( d) * » <
(e )  . . . . , ,  BF ...................
( f )  . . . , , , OF ...................
(g )  .  • .
On s tu d y i.n g  th e  6).- r e l a t i o n s  th e s e  t r a n s fo r m a tio n s  r e q u i r e ,  ( a ) ,  (b ) , 
and (g ) a re  found  to  be d e g e n e ra te  c a se s  where th e  to u r  h a s  o n ly  a  
i f a c t o r .
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.T he r e l a t i o n s  f o r  th e  o th e r  4 c a se s  a re
(o) ASlCy dR f , B&E;
(d )  A&D, C % F, BÉIes
(e) A^D, c d E , B&P; 
j ( f )  BdJ.Dy C61P, A^E;
We now c o r^ id e r  th e s e  t r a n s fo rm a tio n s  In  term s o f  r e v e r s a l s ,  f i r s t  
jh o w in g  how ( f )  m i ^ t  he v iew ed ( f o r  c l a r i t y )  a s  two c o n se c u tiv e  r e v e r s a l s ,  
/The s t e p s  a r e
AB . . . .  CD . . . .  EF
5» • # # * AE • • • • DB » o • 9  CF 9 , 9 9
E o t i c e ,  how ever, t h a t  we do h o t know t h a t  A(p.C o r  so  t h a t  th e
s t r i n g  a t  s ta g ^  2 i s  n o t  a  k n i ^ t ’ s  t o u r ,  a l t h o u ^  th e  f i n a l  r e s u l t  i s .  
I t  i s  t h e r e f o r e  more in  k e e p in g  w ith  o u r o r i g i n a l  i n t e n t io n  to  c o n s id e r
th e  r e v e r s a l s  a s  s im u ltan eo u s*  T ra n s fo rm a tio n s  (c )  and (e )  a re  s i m i l a r
to  ( f )  y and i f  we d en o te  hy  L 3 th e  r e s u l t  o f  r e v e r s in g  a  s t r i n g ,  ( c ) ,
(e) ,  and  ( f )  a re  o b ta in e d  from  9 . , . A B 9 9 9 9  C D . . 9 . E F , . , 9
r e s p e c t i v e l y  by s-
c) w here c c . , ( ^ i  ,o -n d . S  r e p r e s e n t
q )  o^L |3C vJ]5  r e s p e c t i v e l y  th e  s t r i n g s
L )^ ^  / O 9  *  *  A, B 9  9 O * Cj
D 9 9 9 9 E , and F , * , .
3î3
I n  each  o f  th e s e ,  th e  o p e ra tio n : [  ]  a p p e a rs  tw ic e ,  so we c a l l  them seco n d - 
o rd e r  r e v e r s a l s . ( d )  i s  a  t h i r d - o r d e r  r e v e r s a l
The jn ic ta p o s i t io n  o f  th e  sym bols r e p r e s e n t in g  th e  s t r i n g s  i s  ta k e n  to  
mean th e  c o n c a te n a t io n  o f  th e  s t r i n g s  th e m se lv e s , Fow i t  i s  q n i t e  i^ a a s ib le  
to  e x te n d  th e  scheme to  h ig h e r  d e g re e s  o f  q u a s i f a c to r s  and o rd e r s  o f  r e v ­
e r s a l ,  b u t  i t  i s  dub io u s w h e th er th e  i n c lu s io n  o f  s t i l l  more complex sy stem s 
o f  r e l a t i o n s  would be o f  much v a lu e  ( th e  le n g th  o f  th e  to u r  o b v io u s ly  
s e t s  a  l im i t  on  t h i s )  and - i t  w ould r a p i d l y  become v e ry  c o s t l y  i n  t im e .
More im p o r ta n t  i s  th e  d e l i b e r a t i o n  o f  what scheme sh o u ld  be su p e r­
im posed on  th e s e  t r a n s fo rm a tio n s  and a t  t h i s  p o in t  we m i ^ t  e n v i s a ^  a, 
p u r e ly  h e u r i s t i c  a p p ro a ch . A f a i r l y  nadve h e u r i s t i c  w as, i n  f a c t ,  ad o p ted  
j u s t  to  g iv e  some id e a  o f  th e  sp eed  and su c c e ss  a t  t o u r - f i n d i n g  o f  th e  
b a s ic  m ethod. Two 8 tra te ? ^ m s  were in h e r e n t  i n  th e  p ro g ra n  
lo  To ta k e  th e  * l e a s t  s i g n i f i c a n t ’ t r a n s fo r m a t io n ,
2 , To ta k e  th e  s im p le s t  t r a n s fo rm a tio n .
By ( l ) ,  we mean th e  r e v e r s a l ( s )  n e a r e s t  th e  end o f  th e  g iv en  to u r’ was 
ch o sen , th e  id e a  b e in g  t o  r e s t r i c t  Wliangcs, as f a r  a s  p o s s ib le  t o  th e  
lo w er b ra n c h e s  o f  th e  s e a r c h - t r e e  and so  f i n d  k n i ^ t ’ s to u r s  on n e i^ b o u r i n g  
b ra n c h e s , Y/e can  th in k  o f  t h i s  t r a n s fo r m a tio n  m ethod as  a  way o f  m is s in g  
o u t c o m p le te ly  a l l  th e  a b o r t iv e  b ran c h es  i n  th e  s e a r c h - t r e e j  o u r f i r s t  p lo y  
e n s u re s  a. ^ v e r n ie r  c o n tro l*  on to u r  s e l e c t i o n  ( s e e  F ig u re  2 ,1 6 ) ,  te n d in g
F ig u re  2 ,1 6  
R e v e rs a l  S t r a te g y
36
The second! s t r a t e  gem means t h a t  i f  th e  g iv e n  to u r  h a s  b o th  a 4 -  and a  
6 - q u a s i f a c t o r ,  th e n  th e  fo rm e r w i l l  be chosen  i f  s ig n i f ic a n c e  o f  th e  
s t r i n g  in d ic a te s -  no p r e f e r e n c e .
The h e u r i s t i c  was l im i te d  to  s e c o n d -o rd e r  r e v e r s a l s  and c a r r i e d  
a  f i r s t - i n  f i r s t - o u t  s t o r e  o f  th e  f o u r  m ost r e c e n t  to u r s  to  in s u r e
j
I  a g a in s t  s h o r t - te r m  r e c u r r e n c e s .  P roneness to  lo n g - te rm  c y c l i c a l  t r a n s ­
fo rm a tio n s  i s  a  g rave  d i f f i c u l t y  o f  th e  m ethod as  u s e d . C o n v e rse ly ,
^ t  i s  a  fu n d am e n ta l ad v an tag e  o f  th e  m ethod t h a t  th e  to u r - s e a r c h  i s  
e a s i l y  s e g n e n te d , i , e ,  i t  can  be s to p p e d  and r e s t a r t e d  w ith  o n ly  a  min­
im a l amount o f  te m p o ra ry  s to ra g e  betw een ru n s  ( ’f r e e z i n g * ) .  O nly th e  
l a s t  k n i ^ t *8 to u r  fo und  need  be r e t a in e d ,  w hereas t r e e - s e a r c h i n g  m ethods 
demand some way o f  r e f e r e n c in g  th e  p a r t  o f  th e  t r e e  so f a r  n o t s e a rc h e d  
and  t h i s  can  in v o lv e  a  l a r ^  a r e a  o f co re  b e in g  f r o z e n  and l a t e r  ’r e v iv e d ' 
( q .v .  sub) ,
We ^ v e  below  th e  f lo w  c h a r t s  f o r  th e  e n t i r e  t r a n s fo r m a t io n  p ro c e d u re , 
f o r  f i r s t - o r d e r  r e v e r s a l s ,  and f o r  s e c o n d -o rd e r  r e v e r s a l s ,  (F ig u re s  2 ,1 7 ,  
2 ,1 8 ,  and 2 ,1 9 ) .  A FORTRM v e r s io n  o f  t h i s  m ethod and a n  ALGOL t r e e -  
s e a rc h  ( 2 ,2 )  were a p p ro x im a te ly  o f  th e  same sp e e d , b u t  th e  h e u r i s t i c  
program  e n te r e d  a  c y c l ic  t r a n s fo r m a tio n  group o f  3 to u r s  a f t e r  f i n d in g  
17 t o u r s ,  and  s e l f - a b o r t e d .
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P R m t  *JEW T O U R
2o7 Edge-Reinoval T h is  i s ,  i n  a  s e n s e ,  an  amalgam o f  th e  m ethods a lrea ,d y  
d e s c r ib e d  i n  2 ,2  and 2 ,4*  i n  t h a t  i t  in c lu d e s  a  t r e e - s e a r c h  w hich can  
a b so rb  a l l  th e  o p t im is in g  f e a t u r e s  o f  2 ,2  and a ls o  c o n s t r u c t s  i t s  s o lu t io n s  
bcjth fo rw a rd s  and backw ards  ^ b u t i t  i s  e s s e n t i a l l y  d i f f e r e n t  i n  t h a t  i t
i s  a  f a c t o r - f i n d i n g  m ethod,
i
f Y /hile th e  m ethods o f  t r e e - s e a r c h  s p e c i f i c a l l y  d e s ig n e d  to  f i n d  k n i ^ t ^ s
to u r s  checlc f o r  th e  p re v io u s  o c c u rre n c e  o f  each  chosen  s q u a re , -the  e d ^ -
rem oval m ethod i s  s o l e l y  co n cern ed  w ith  I’e d u c in g  th e  d eg ree  o f  e a c h ;v e r te x
o f  th e  e q u iv a le n t  g raph  to  2 , w hich i s  th e  c o n d it io n  f o r  a  f a c t o r ,  t h o u ^
n o t n e c e s s a r i l y  a  H a m ilto n ia n  c y c le ;  th e  g raph  i n  F ig u re  2 ,2 0 , f o r  in s ta n c e
h a s  a  f a c t o r  y b u t no H a m ilto n ia n  c y c le  (We u se  th e  term , f a c t o r  r a t h e r  th a n
s e m i- f a c to r  s in c e  a l t h o u ^  we have d e f in e d  th e  to u r  to  be u n - o r i e n t a t e d ,
i t  w i l l  be r e c a l l e d  t h a t  i n  p r a o t ig e ,  u se  was made o f  th e  sym m etry o f  th e
g raph  y and  th e  e n d - r e s u l t  d i r e c t e d ,  even  i f  o n ly  i n f e r e n t i a l l y ) .
c~
F ig u re  2 ,2 0  c b
Graph w ith  f a c t o r
The m ethod c o n s i s t s  o f  c h o o s in g  sq u a re s  i n  much th e  same way a s  i n  
2 ,2 y  b u t a  r e c o rd  is  k e p t  o f  a l l  edges which m ust be t r a v e r s e d  i n  one d i r ­
e c t i o n  o r  th e  o t h e r ,  and c h a in s  o f  th e s e  a re  b u i l t  up  a s  su c c e e d in g  c h o ic e s  
o f  sq u a re s  a r e  made. Once a  sq u a re  h a s  been  v i s i t e d ,  a l l  edges in c id e n t  
a t  t h a t  s q u a r e ’ s v e r t e x  on th e  g rap h , o th e r  th a n  th e  e n tra n c e  and e x i t  
e d g e s , can  be e r a s e d .
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T h is  may r e n d e r  some o th e r  v e r te x  d o u b ly -c o n n e c te d , and  i f  t h i s  v e r te x  
i s  o n ly  one e d ^  removed from  th e  end o f a  c h a in , i t s  e n tra n c e  and e x i t  
edges ( a s  th e y  now m ust be) can  be annexed to  th e  chaine  F u r th e r  p o s s ib ­
i l i t i e s  a re  th e  jo im .n g  o f  two o r  more c o n se c u tiv e  c h a in s ,  and  c h a in s  
b u i ld in g  up backw ards from  th e  s t a r t i n g  s q u a re , t h i s  b e in g  somewhat s i m i l a r  
to  th e  p ro c e s s  o f 2 .4*  I t  i s  fo und  t h a t  a f t e r  some 6 - 8  moves have been  
c h o se n , th e  a c t  o f  rem o v in g  edgos h as  b u i l t  up c h a in s  o f  f o r c e d  moves to  
th e  e x te n t  t h a t  a l l  moves a re  i n  f a c t  c o n s t r a in e d ;  a t  t h i s  ju n c tu r e , 
e i t h e r
(a )  a  f a c t o r  ( o r  k n i ^ t ^ s  t o u r ,  p o s s ib ly )  h a s  been  fo und
o r  (b ) we have th e  e q u iv a le n t  o f  a  double GOTO ( 5  c h a in s  jo in e d  a t  a
p o in t)  o r  f a i l u r e  to  o b se rv e  a  GOTO ( a  d e a d -e n d ) .
An exam ple o f  th e  p ro c e d u re  i s  shown i n  F ig u re  2 ,2 1 ,  t h i s  p a r t i c u l a r  b ran c h
o f  th e  s e a r o h - t r e e  r e q u i r i n g  o n ly  5 d e l ib e r a t e  c h o ic e s  b e fo re  th e  3 d i s ­
j o i n t  c y c le s  a re  fo u n d . The s t a r t i n g  squar'e i s  r in g e d .  I n  each  d iagram  
o n ly  th e  d e le t io n s  o f  im m edia te  consequence from  th e  move j u s t  chosen  a re  
i n d ic a te d  (b y  d o t te d  l i n e s )  ; th e  n ex t d iagram  a ls o  o m its  any seco n d , t h i r d -  
e t c ,  o rd e r  d e l e t i o n s ,  and in c lu d e s  c h a in s  ( c ro s s e d  l in e s )  u se d  i n  th e  p a th  
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I t  w i l l  be s e e n  t h a t  a f t e r  th e  ch o ice  o f  4 m oves, a  2 -e lem en t 
c h a in  o f  f o r c e d  moves a l r e a d y  e x te n d s  back from  th e  s t a r t i n g  s q u a re ;  a f t e r
5 moves have b e en  p i  deed t h i s  h a s  r i s e n  to  6 moves i n  l e n g th .  The ex­
i s t e n c e  o f  d i s j o i n t  c y c le s  becomes a p p a re n t a t  t h i s  l e v e l ,  how ever, so 
' th e  move d e n o te d  by  th e  l a s t  s o l i d  l i n e  i n  (d ) m ust be r e j e c t e d ,  and 
a n  a l t e r n a t i v e  t r i e d .
T h is  exam ple shows t h a t ,  t y p i c a l l y ,  o n ly  a  v e ry  c u r t a i l e d  t r e e - s e a r c h  
i s  n e c e s s a ry  w ith  th e  ed g e-rem o v al m ethod, b u t i t  a ls o  d e m o n s tra te s  
( c h i e f l y  by  th e  l a r g e  number o f  d e le t io n s  betw een  (b ) and ( c ) )  th e  v e ry  
c o m p lic a te d  h o u se k e e p in g  n e c e s s a ry  f o r  a  m ethod where one move can  have 
such  a  p ro found  e f f e c t  on th e  s t a t e  o f  th e  g rap h ,
2 ,8  F o r t e t* s  B o o le a n  A lg e b ra ic  Method T h is  m ethod i s  d e s c r ib e d ,  w ith  
an  exam ple , i n  B e r ^ ,  so we w i l l  n o t d e s c r ib e  i t  a g ^ in  h e r e .  I t  i s  
p e r t i n e n t  t o  re m a rk , how ever, t h a t  th e  s iz e  o f  th e  a p p l i c a t io n  i n  w hich 
we a re  i n t e r e s t e d  i s  a  good d e a l  l a r g e r  th a n  t h a t  o f  th e  exam ple q u o te d , 
and i t  i s  fo u n d  t h a t  n o t a l l  th e  c o n n e c tio n  v e r i a b l e s , , can be e x p re s s ­
ed  i n  te rm s o f  one in d e p e n d e n t a u x i l i a i 'y  v a r i a b le  o rY ^fo r 4x4
problem ) ; i n  f a c t ,  f o r  th e  4^4 b o a rd  8 in d e p e n d e n t v a r i a b le s  m ust be 
s p e c i f i e d ,  and  a c c o rd in g  to  th e  d i f f e r e n t  c h o ic e s  f o r  th e  v a lu e s  o f  th e s e  
v a r i a b l e s ,  we o b ta in  th e  256 f a c t o r s  on th e  4%4 b o a rd ’s e q u iv a le n t  g rap h . 
These a r e : -
b
Ix4mem'bered c i r c u i t  Bz^-membered c i r c u i t s  64
2x4 ” " c i r c u i t s  # 2  » » •* S S
3x4 " " 2x2 " »' »' ” 64
4%4 " " 16
8x2 *» " *» " 16
2 5 6 ,
As th e r e  a re  no k n i ^ t * s  to u r s  amongst th e s e ,  i t  seems p l a i n  t h a t  
th e  number o f  f a c t o r s  to  be s o r te d  i n  th e  6x6 case  w i l l  be v e ry  l a r g e .
The m ain  d i f f i c u l t y  i n  . im p lem en tin g  F o r t e t  * s  m ethod seeins to  be th e  c h o ic e  
o f  v a lu e  o f  th e  v a r i a b le  w hich w i l l  m ost s im p li f y  th e  system  o f  e q u a t io n s ,  
a n  o p e r a t io n  w hich th e  human eye .f in d s  none to o  d i f f i c u l t  from  lo n g  e x p e r­
i e n c e ,  b u t w hich dem ands’m achine i n t e l l i ^ n c e ’ n e v e r th e le s s ,  n o to r io u s ly  
a  t r ic lc y  and o f t e n  i n e f f i c i e n t  th in g  to  program ,
2 , 9  Dynamic Program m ing T h is  method h as  been  s u c c e s s f u l ly  a p p lie d  by 
D a n tz ig  e t  a l ,  B ellm an , and o th e r s  to  n a m il to n ia n  c i r c u i t  p rob lem s o f  th e  
t r a v e l l in g - s a le s m a n  ty p e ,  wheife, how ever, th e r e  i s  a  w e ig h tin g  o f  th e  
ed g es a c c o rd in g  to  th e  d is ta n c e  a lo n g  th e  edge ( th e  problem  b e in g , b r i e f l y  
t o  f i n d  th e  H a m ilto n ia n  p a th  o r  c i r c u i t  o f  s h o r t e s t  le n g th  p a s s in g  th ro u g h  
a  s p e c i f i e d  s e t  o f  c i t i e s )  « I n  th e  problem  c o n s id e re d  h e re  we a re  hamp­
e re d  by  a  system  where w ith  few  e x c e p tio n s  (su c h  a s  GOTO moves) a l l  th e  
edgps a re  e q u a l ly  w e i^ i te d ;
4 4
■ i t  i s  c o n c e iv a b le  t h a t  a p r o b a b i l i s t i c ,w e ig h t i n g  sy s tem  c o u ld ,b e  fo rm u la te d  
w hich would f i n d  a l l  th e  k n i ^ t ' s  t o u r s ,  b u t i t  h a s  r a t h e r  b een  th e  aim 
i n  t h i s  work t o  c o n fin e  o v irse lv es  to  d e te r m in i s t i c  m ethods. The la,ck o f  
a  d e te r m in i s t i c  r e t u r n  f u n c t io n  w hich co u ld  be e v a lu a te d  a f t e r  th e  c h o ice  
o f  each  sq u a re  le a d s  u s  t o  r e j e c t  dynamic program m ing as  a  m ethod o f  approa-ch,
2 ,9 .1  The W arnsdo rff A lg o rith m  T h is  a lg o r i th m  was d e v is e d  a s  lo n g  ago 
a s  1823; d t  does n o t p re te n d  to  i n f a l l i b i l i t y ,  b u t  i s  a  u s e f u l  m ethod o f  
f i n d in g  a  H a m ilto n ia n  p a th  ( h .S ,  n o t c i r c u i t )  on a  g rap h , and may be s t a t e d  
a s  f o l lo w s : -
The l . t . m ,  (n e x t  to  be made) i s  s e l e c te d  w hich c o n n ec ts  w ith  th e  
s m a l le s t  number o f su b seq u e n t l , t ,m * s , .  p ro v id e d  t h i s  number i s  n o n -z e ro ,
I f  two l , t ,m * s  connec t v /ith  an  e q u a l  number o f  f u r t h e r  m oves, th e  t i e  may
i
be b roken  a r b i t r a r i l y ,
P oh l ( q .v . )  d e s c r ib e s  a  m ethod f o r  b re a liin g  t i e s  w hich h a s  i t s  
b a s i s  th e  m a x im isa tio n  o f  th e  number o f c o n n e c tio n s  tow ards th e  end o f  th e  
to i i r .  These a lg o r i th m s  i n  e f f e c t  w e i ^ t  th e  a l t e r n a t i v e  m oves, o r  b ran c h es  
o f  th e  s e a r c h - t r e e ,  b u t i n  a  p r o b a b i l i s t i c  se n se  a s  m en tioned  i n  th e  l a s t  p a r ­
a g ra p h . The m ax im isa tio n  o f  c o n n e c tio n s  a t  th e  s ta g e  im m e d ia te ly  fo l lo w ­
i n g  (b y  m in iir is in g  ed g e -rem o v a ls  a t  th e  p re s e n t  l e v e l )  i s  n o t a  s in e  qua 
non o f  k n i ^ t ’s  t o u r s ,  and w h ile  P o h l’s g é n é r a l i s a i  a lg o r i th m  may be q u i te
4 5
a d eq u a te  to  f in d  a  H a m ilto n ia n  p a th  on a  g ra p h , many to u r s  d o , in  f a c t ,  
c o n tra v e n e  th e  r u l e ,  and t h i s  c o u ld  n o t t h e r e f o r e  he deemed a s a t i s f a c t o r y  
* o p tim a l p o lic y *  o f a  dynam ic program m ing tec h n iq u e *
%
CHAPTSR 3 
The Exh.3.ustiYe Tree-^Search with,
O ne-Level Lookahead
3 ,1  jDevelopme n t A ll  th e  e a r l y  program s i n  th e  developm ent o f  th e  m ethod 
Mere M r i t te n  i n  KLF9 ALGOL, The com parison  o f  a  w ork ing  6 x 6  ALGOL v e r s io n  
M ith th e  r a t e s  o f  t o u r - f i n d i n g  m entioned  i n  D uty le d  to  th e  r e th in k in g  o f 
program  s t r u o tu r e  and a ls o  c o n v e rs io n  to  PORTRAIT w i th in  th e  Egdon sy s te m , 
w ith  c o n s id e ra b le  p o r t io n s  o f  th e  program  ( th e  t r e e - s e a r o h  p a r t i c u l a r l y )  
b e in g  c o n v e r te d  to  ITCA5 a s se m b ly ’lan g u a g e ; even  t h i s  d id  n o t remove e n t i r e l y  
th e  c o n s id e ra b le  d is c re p a n c y  betw een PORTRAR/GCA3 on th e  KDP9 and PAP on 
th e  7094.
The v e ry  e a r l i e s t  a tte m p t v/as to  so lv e  th e  8 x 8  prob lem  ru n n in g  an  
ALGOL program  th ro u g h  th e  W hetstone ( f a s t  t r a n s l a t i o n ,  i n e f f i c i e n t  o b je c t  
code) c o m p ile r . T h is p roduced  co p io u s d ia g n o s t ic  o u tp u t d e s ig n ed  to  c h a r t  
th e  p ro g re s s  o f  th e  t r e e - s e a r c h ,  in c lu d in g  th e  chosen  s q u a re ,  th e  t r e e - l e v e l  
( in v a lu a b le  when b a c k tr a c k in g  s e v e r a l  l e v e ls )  , and th e  s t a t e  o f  c e r t a i n  van"- 
i a b l e 8 , The c h ie f  ach ievem ent o f  t h i s  program  was t h a t  i t  le d  to  a  w ork ing  
t r e e - s e a r c h ;  i t  a ls o  exposed  th e  f o l l y  o f  a t te m p t in g  to  so lv e  th e  8 x 8  
problem  w ith  such  puny weapons I T hat speed  was o f  th e  e sse n c e  was p l a i n :  
a l l  su b seq u en t ALGOL program s were com piled on th e  (s lo w  t r a n s l a t i o n ,  e f f i c i e n t  
o b je c t  code) K ids grove c o m p ile r u s in g  th e  POST m a g n e tic - ta p e  b ased  o p e r a t in g
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sy s tem : a  4 % 4 t r e e - s e a r c h  o f  t la is  ty p e  took  2 m in s , 50 s e c s ,  to  conclude  
( c o r r e c t l y )  t h a t  no k n i ^ t ’ s  to u r s  e x i s t e d .
At t h i s  s t a g e ÿ th e  o n e - le v e l  lookahead  was in tr o d u c e d ,  and im m e d ia te ly  
showed i t s  w o rth , t a k in g  z e ro  tim e f o r  th e  4 % 4 h o a rd  (shown to  he t r i v i a l  
i j i  2 ,2 ,1 )  j and 3 seco n d s i n  th e  a b o r t iv e  s e a rc h  on a  5 % 5 ( s e e  1 ,7 )  •
E x te n s io n  to  a  6 x  6 b o a rd  d e m o n s tra te d  t h a t  th e  lo o k ah ead  saved  s e v e r a l
i
h o u rs  o f  m ach in e -tim e  m e re ly  by s p o t t i n g  a  GOTO move a t  l e v e l  8 i The 
program  fo u n d  112 k n i ^ t ^ s  to u r s  i n  a  6o m inute  r u n ,  and an  e s t im a te  o f 
50 h o u rs  was p u t  on  th e  com plete  s e a r c h ,
I What h a s  b een  d e s c r ib e d  so f a r  m i ^ t  be te rm ed  ’ p re l im in a ry  s k i rm is h in g ’ 
a t  t h i s  p o in t  th e  m ethod was e s t a b l i s h e d ,  and l a t e r  developm ent was a t  th e  
program m ing, r a t h e r  th a n  th e  t h e o r e t i c a l ,  l e v e l ,  i , e ,  a t  t h e - t h i r d  l e v e l  o f  
th e  t r e e  i n  F ig u re  2 ,1 ,  T here  a r e ,  b a s i c a l l y ,  th r e e  ty p e s  o f  p rog ram s, w hich 
we c a l l  f i r s t - ,  s e c o n d - , and t h i r d - ^ n e r a t i o n .  T h e ir  c h a r a c t e r i s t i c s  a re  
l a i d  o u t  i n  T ab le  5 ,1 ,
G e n e ra tio n T re e -S e a rc h D riv en  by W rit te n  I n
1 R e c u rs iv e S t a t i c  2-D condensed  
c o n n e c tio n  m a tr ix  & 
dynamic s ta c k  o f  deg ree  
v e c to r s
ALGOL & 
FORTAS/ffCAJ
2 , I t e r a t i v e As 1 ALGOL o n ly
3 I t e r a t i v e Dynamic 3-D s ta c k  
o f  b o o le a n  c o n n e c tio n  




The program s . th em se lv e s  w i l l  he found i n  A ppendix 1 .  Our p u rp o se  in  
t h i s  c h a p te r  i s  to  f lo w c h a r t  th e  m ain f e a tu r e s  o f  each  p rog ram , d e s c r ib e  
f u l l y  t h e i r  c h a r a c t e r i s t i c s  and show th e  a d v an tag e s  o f  each  program  o v er 
th e  p re c e d in g  g e n e ra tio n *  '
^*2 F i r s t - G e n e r a t io n  Program s The i n i t i a l  f a c t o r  w hich in f lu e n c e d  th e  
d e c i s io n  to  w r i t e  th e  t r e e - s e a r c h  in  r e c u r s iv e  form  was i t s  r e p e t i t i v e  
n a tu r e  ; th e  b a s i c  s t r u c t u r e  w hich i s  m a in ta in e d  th ro u g h o u t th e  s e a rc h  i s  
re in a rk a b ly  s im p le  and i s  shown in  F ig u re  The s t a c k  o f  v e c to r s ,  ’new-
dég* c o n ta in s  a t  each  l e v e l  in , th e  t r e e  th e  d e g re e s  o f  a l l  th e  s q u a r e s ,
f
T hese two f e a tu r e s  w i l l  now be d is c u s s e d  more f u l ly *
5 * 2 ,1  R e c u rs iv e  S t r u c tu r e  The d iagram  in  F ig u re  3*1 shows o n ly  th e  v e ry  
s im p le s t  i n t e r p r e t a t i o n  o f  th e  a lg o r i t lm  f o r  c h o o s in g  a  s q u a re .  In  p r a c t i c e ,  
th e  h o u se k e e p in g  su b se q u e n t to  th e  c h o ic e  was n o t done in  two s e p a r a te  p ie c e s  
b u t  i n  one in t e g r a t e d  p ro c e d u re , ’s te p c o u n t ’ } t h i s  p ro c e d u re  a c t u a l l y  i n ­
c rem en ted  th e  t r e e - l e v e l  c o u n te r ,  ’r e o c o u n t’ , when norm al downward p ro g re s s  
was b e in g  made i n  th e  t r e e .  The ’back  1 m ove’ d i r e c t i v e  was m a in ta in e d  
w i th in  t h e  m ove-choosing  p ro c e d u re , ’n e x ts te p * ,  and th e  two p ro c e d u re s  
c a l l e d  one a n o th e r  r e c u r s iv e ly *  The fo llo w in g  p o in ts  a b o u t b a c k tr a c k in g  
sh o u ld  p e rh a p s  be c l a r i f i e d ;  th e  n o ta t io n  , ST^^i? e t c ,  mean ' ’n e x t -  
s t e p ’ a t  l e v e l  n ’ , ’ ’s te p c o u n t ’ a t  l e v e l  n-4-1* and so  on ; means
’r e t u r n s c o n t r o l  t o ’ ,*—>’ means ’c a l l s ’ *
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49 ( a )
( a )  A f te r  th e  downward sequence
i f  th e r e  i s  no l . t , m .  a t  l e v e l  n - i r l ,  th e  b a c k tra c k  sequence  i s
ST^ < —  <—  ST^_, ^  -  (D
and a n o th e r  sq u a re  i s  c h o se n , th e  p ro g re s s io n  ( l )  b e in g  r e a s s e r te d *
(b) A f te r  th e  downward sequence
i s  h a l t e d ,  th e  b a c k tra c k  may fo l lo w  th e  form
. . . - @
and a n o th e r  TEST move t r i e d ,  o r  i f  no TEST moves re m a in , a  sequence  
an a lo g o u s t o  (2) i s  pursued*  These b a c k tra c k s  a re  shown d o t te d  i n  F ig u re  
3 .2 ,  and a re  i n  acco rd an ce  w ith  2 * 2 .1 .
( c )  The sequence  when a  double  GOTO i s  e n c o u n te re d  i s
,  . . . ÎK _ '— > ST _ ------- ST <------------------------ÎK . . . . .  -  ©K.-1 l\-1 K M.-1 tv-1
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F ig u re  $ .2  I n t e r r e l a t i o n s h i p  o f  * B ex ts tep t and
*8 te p c o n n t*
^ b )* P fo c e c iu .r€ . ^ S te .p c o u .K t ' '
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3*2.2  The Beffyee V e c to rs  These a p p ea r i n  th e  p ro  grain a s  ^origtieg* 
( 'O R IG in a l DEGree*) and *ne?;deg^, th e  fo rm er b e in g  m ere ly  a  l i s t  o f  d e g re e s  
o f  th e  v a r io u s  v e r t i c e s  i n  th e  e q u iv a le n t  g raph  b e fo re  any moves have b een  
made. I t s  e lem en ts  have th e  v a lu e s  g iv en  by  com paring  F ig u re s  1 ,5  &nd 
2 ,1 1  ( th e  sym m etric b o a rd -n u m b erin g  was u se d  i n  th e  • e a r l y  s ta g e s  -  see  
3*1 .G ), th e s e  b e in g  r e a d  i n  a t  r u n - t im e . The a r r a y  'newdeg* was d e s ig n e d  
to  c o n ta in  th e  d eg ree  o f  each  v e r te x  a t  each  l e v e l  i n  th e  t r e e ,  and was 
b ased  on a  k in d  o f  dynam ic s ta c k  p r i n c i p l e ;  i n  p r a c t i c e ,  th e  m ethod o f  
upkeep  was a s  fo l lo w s .  C o n sid e r th e  sequence o f m oves; 
sq u a re  g
le v e l  "■
The d e p th  o f  r e c u r s io n  c o u n te r ,  ' r e c c o u n t ' ,  i s  u se d  a s  a  p o in te r  to  in d e x  
*ney/deg*, a s  each  move i s  made a  new s e t  o f  d e g re e s ,  c o rre sp o n d in g  to  th e  
ed gp -rem oval id e a  o f  2 ,2 ,1 ,  i s  c a lc u la te d  and e n te r e d  i n  th e  a r e a  o f  th e  
a r r a y  s p e c i f i e d  by th e  p o in te r  ( F ig u re  3*35 means 'new  d e g re e s  f o r  
l e v e l  n * ) .
re o c o u n t 
«^,-1 — 5
(a )  Choose A
N3>_n--1
(b ) Choose B
Vv+1
(c )  choose G
F ig u re  3*3 U p d a tin g  *Hewdeg* i n  D ow n-tree S ea rch
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I f  c i s  a  d e ad -en d , th e  c o n s id e r a t io n s  o f  3*2 .1  show t h a t  we clim b two 
l e v e l s  i n  th e  t r e e  b e fo re  s t a r t i n g  a  downward seek  a g a in , v i z ,
sq u a re  . . . .
l e v e l h.-1 rv+1 n.+2.
The now unw anted v e r s io n s  o f  13D^  and c o rre sp o n d in g  to  th e  f r u i t ­
l e s s  c h o ic e s  o f  B and C a re  n o t e ra s e d ;  th e y  a re  s im p ly  o v e rw r i t te n  
by th e  nev; ITD ^ and when D , E , e tc ,  a re  p ic k e d , ?/hen b a c k tr a c k in g ,
th e  *reccount*  p o in te r  h a s  gone back to  th e  l e v e l  o f  w hich i s
th e  l a s t  v e r s io n  o f  *newdeg^ i t  i s  s t i l l  d e s i r e d  to  r e t a i n ;  on re su m in g  
th e  downward s e a r c h ,  o v e rw r i t in g  o c cu rs  a u to m a t ic a l ly ,  w ith  no c a l l  f o r  
e r a s u re  o f  th e  unw anted v e c to r s .  E x te n d in g  o u r n o ta t io n  s l ig & t ly ,  we 
r e p r e s e n t  by  (X) th e  v e c to r  ^newdeg’ a t  l e v e l  n  c o rre sp o n d in g  to  th e
c h o ice  o f sq u a re  X a t  t h a t  l e v e l .  Then th e  p ro ce d u re  j u s t  d e s c r ib e d  w i l l
be s e e n  to  be e q u iv a le n t  to  a  t r u e  pushdown s t o r e ,  whose c o n te n ts  i n
th e  exam ple c i t e d  a re  a s  i n  F ig u re  3o4o

























t o  fco
n. (c-vie.1 K.-1
F ig u re  3 ,4  Pushdown E q u iv a le n t  o f  ^Hewdeg* 
S tack
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3*2*3 The Condensed C onnection  M a trix  T his i s  th e  a r r a y  'XX* in  th e
p rog ram 0 To d e f in e  i t ,  vre u se  th e  o b s e rv a t io n  o f  1 ,2  t h a t  no sq u a re  has
a  d eg ree  g r e a t e r  than  8 ( i r r e s p e c t i v e  o f  th e  b o a r d - s iz e ) .
D e f in i t io n  The condensed c o n n e c tio n  m a tr ix  XX, a s s o c ia te d  w ith  th e  e q u iv -
2a i e n t  g rap h  o f th e  k n i g h t 's  moves on a  2n  x 2n c h e s s b o a rd , i s  a  4n x 8 
m a tr ix  whose e lem en ts
(x x )^ y ”k i f  i ,&  k a re  co n n ec ted  v e r t i c e s  o f  th e  g raph  
s u b je c t  t o  0 <  i  ^  4n  > 1 ^  j  ^  89 and (xx)^^<( (xx)j^ e x c e p tin g  
t h a t  i f  i  i s  co n n ec ted  to  p ( <  8 ) v e r t i c e s ,  th e n
(x x )j^^  = 0 ,
(p-f t < K % )
t The form  o f t h i s  m a tr ix  f o r  th e  6 x 6 b oard  numbered a c c o rd in g  to  
F ig u re  2,11 i s  shovm in  F ig u re  3*5*
T h is i s  th e  m ost compact way o f  s t o r i n g  th e  o r i g i n a l  s t a t e  o f  th e  
g ra p h , w ith o u t h a v in g  re c o u rs e  to  assem bly  la n g u a g e , and was re a d  in  a t  
r u n - t im e ,  th u s  (w ith  * o r ig d e g ’ ) co m p le tin g  th e  d a ta  f o r  f i r s t  and second 
g e n e ra t io n  program s in  ALGOL. 'O rigdeg* was in  f a c t  u se d  as an  in d e x in g  
v e c to r  when r e a d in g  in  *XX* (s e e  p ro g ram ).
I t  sh o u ld  be s t r e s s e d  t h a t  c o n ta in s  a  com plete  s p e c i f i c a t i o n
o f  e v e ry  l ,k ,m .  on  th e  6 x 6 b o a rd , and b o th  f i r s t  and seco n d - g e n e ra tio n s  
l a r g e l y  r e l i e d  on *XX' f o r  th e  ch o ice  o f  an  l . t . m , , r e f e r r i n g  each  tim e 
t o  *newdeg* to  check i f  any  o f  th e s e  were a  GOTO move. I t  i s  t h i s  sen se  
t h a t  we s a y  i n  T ab le  3 .1  t h a t  th e s e  program s a re  d r iv e n  by *XX* and *newdeg’,
! 3 ,2 .4  E x c lu s io n  o f  S h o rt Loops T h is  planning a id ,  d e s c r ib e d  i n  2 .2 .2 ,  
was in c o r p o r a te d  i n to  p ro c e d u re  'n e x ts t e p * .  The two s e p a ra te  . e x i t s  to  
^ s te p c o u n t*  n e c e s s i t a t e d  two t e s t s  f o r  s h o r t  lo o p s  w hich were lo c a te d  
,a s  shown i n  F ig u re  3,&* I n  th e  GOTO Ciase, th e  o rd e r  o f  t e s t i n g  f o r  doub le  
GOTO and  s h o r t  lo o p  i s  im m a te r ia l  ; i t  w i l l  be n o t ic e d  h e re  t h a t  th e  o c c u r­
ence  o f  a  s h o r t  lo o p  and  GOTO move to g e th e r  does in d e e d  cause  th e  seai-ch 
t o  go u p  one l e v e l  a s  rem arked  i n  2 . 2 . 2 .
3 ,2 .3  The S o lu t io n  V e c to r  C a lle d  i n  f i r s t - g e n e r a t i o n  program s 's t o r e -  
p a th * y t h i s  36-e le m e n t v e c to r  i s  a  pushdown l i s t  i n  th e  s t r i c t  se n se  w hich 
c o n ta in s  th e  l . t .m * s  chosen  a t  any  s ta g e  i n  th e  t r e e - s e a r c h .  T here  i s  
^  o v e r w r i t in g  o f  a b o r t iv e  l . t .m * s  by new ly -chosen  o n e s : a s  soon  as  a  move 
h a s  b e en  f u l l y  i n v e s t i g a t e d  i t  i s  r e p la c e d  w ith  a  z e ro  and th e  p o in te r  
( 'r e o c o u n t* )  s e t  one b ack ; a s  a  sim p le  exam ple , we sh o v /th e  change o f  
s t a t e  o f  ' s t o r e p a t h ' d u r in g  th e  t r e e - s e a r c h  shown i n  F ig u re  2 ,9 .
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9 16 27 54 0 0 0 0
7 9 14 19 24 29 34 36
12 14 -18 21 22 25 29 51
16 18 25 27 0 ■ 0 0 0
19 24 0 0 0 0 0 0
5 13 35 0 0 0 0 0
14 16 31 36 0 0 0 0
2 5 15 17 0 0 0 . 0
12 16 18 0 0 0 0 0
15 17 0 0 0 0 0 0
1 4 10 17 30 35 0 0
7 11 18 19 27 51 0i 0
5 4 8 20 0 0 0 0
9 16 19 0 0 0 0 0
2 5 8 10 15 20 26 30
9 11 12 21 24 27 0 0
4 5 10 13 0 0 0 0
5 6 13 15 23 26 0 0
14 16 22 24 0 0 0 0
4 17 23 0 0 0 0 0
4 20 26 0 0 0 0 0
19 21 27 " 29 0 0 0 0
5 6 17 20 28 30 0 0
4 5 30 33 0 0 0 0
16 19 22 31 32 34 0 0
2 5 13 17 23 28 33 35
24 27 ■ 34. 0 0 0 0 0
5 4 23 35 0 Of 0 0
12 16 24 25 32 36 0 0
1 4 8 13 ■ 26 33 0 0
26 50 0 0 0 0 0 0
25 27 51 0 0 0 0 0
2 3 26 28 0 0 0 0
7 12 27 29 0 0 0 0
3 8 50 0 0 0 0 0
F ig u re 3 ,5 Condensed c o n n ec tio n m a tr ix  f o r S5anmetricall.-)
m rfibered 6 x 6  b o a rd  
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1 .9  . .  . . X Y, 0 . . . 0
1 9 .  
1 9 . 
1 9 . 
1 9 . 
i l  9 . 
^ 1 9 .
r 'A 9 .
.  i  X Y ,  Z ,  0 .  .  . 0
* • X 0  0 « • • • 0
o .  X y ,  0 . . * 0
. . X y \ 0 ................... 0
. .  X y^ Z 3 0 . . . 0
0
. . X 0 ......................... 0
0
. . X y^ 0
• o X y^ 0
The r e a s o n  t h i s  m ethod was ad o p ted  i n  th e  e a r l y  program s was l a r g e l y  
f o r  c l a r i t y  o f  d i s c r im in a t io n ,  b u t s in c e  th e 'r e o c o u n t*  p o in te r  i s  a lw ays 
k e p t  on  th e  l a s t  a c c e p ta b le  move (y^ , , y^ , 9 1 > Z  ^ , y ., ,X ,
y^ s u c c e s s iv e ly  above) , th e s e  v a l i d  moves can  be in d ex e d  w ith  a n o th e r  
p o i n t e r  whose u p p e r  bound i s  s e t  a t  th e  p re s e n t  v a lu e  o f  'r e o c o u n t ' , and 
th e r e  i s  no r i s k  o f  a c c e s s in g  a b o r t iv e  m oves. T h is  te c h n iq u e  i s  u sed  
when s e e k in g  a  TEST m ove, a s  a l l  th e  ( s i g n i f i c a n t )  e n t r i e s  i n  's to r e p a th *
u v u itr -
m ust th e n  be scanned  to  check t h a t  th e  s q u a re ^ c o n s id e ra t io n  h as n o t been  
v i s i t e d  b e fo re  ( i n  th e  p rogram , th e  second  p o i n t e r ,  *k* i s  in c re m e n te d  by 
1 from  0 to  ' r e o c o u n t ') .
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' r e c c o u n t ' r e a c h e s  35 a-ad th e  c o rre sp o n d in g  e n t r y  i n  's t o r e p a t h '  
h a s  been  made, th e  k n i g h t 's  to u r  i s  com plete  and can  be p r in te d  o u t i n  
o rd e r  o f  sq u a re s  u se d  s im p ly  by  th e  o u tp u t o f  th e  s o l u t io n  v e c to r .  The 
h o u se k e e p in g  f o r  *s t o r e p a t h ' i s  c a r r i e d  o u t by p ro c e d u re  's t e p c o u n t ' ,  and 
th e  l a s t  a c t io n  o f  t h i s  s u b ro u t in e  i s  to  t e s t  th e  l e v e l  c o u n te r  'r e o c o u n t ' 
to  se e  w h e th er t r a n s f e r  o f  c o n tr o l  sh o u ld  be made once more to  'n e x t s t e p ' ,  
o r  w h e th er 35 moves ( th e  36t h  b e in g  a  fo rm a l i ty )  have  been  and i t  i s  r e ­
q u ir e d  to  o u tp u t th e  s o l u t io n .  A dding t h i s  in f o rm a tio n  to  F ig u re  3, 2 (b ) 
g iv es  u s  F ig u re  3*75 FR s ta n d s  f o r  p r i n t  r o u t in e ,
3*2,6  O utput R o u tin e  The k n i ^ t ' s  to u r s  a re  p r in te d  ou t by th e  p ro c e s s  
and i n  th e  form  d e s c r ib e d  b r i e f l y  above i n  th e  p ro ce d u re  'p r i n t r o u t e * ,
I n  th e  e a r l i e r  v e r s io n s  o f  th e  p rogram , symmetry ab o u t th e  b o a rd 's  m ain 
d ia g o n a l was ta lcen  i n to  acc o u n t by u s in g  th e  sym m etric  board-num berj.ng  o f  
F ig u re  2 .1 1  and a  s im p le  a r i th m e t ic  r u l e ,  v i z .
i f  sq u a re  n o , <  6 p r i n t  i t  i n  b o th  u n r e f le o te d  and r e f l e c t e d  to u r s  
** ** " > 6  p r i n t  i t  i n  th e  u n r e f l e c t e d  t o u r ,
p r i n t  ( 43- i t )  i n  th e  r e f l e c t e d  t o u r .
T h is  gave 2 to u r s  each  tim e th e  s o lu t io n  v e c to r  was f i l l e d ,  b u t l a t e r ,
due to  th e  d i s o r d e r  o f  th e  r e f l e c t e d  to u r s  ( s e e  2 . 2) o n ly  th e  d i r e c t  one 
was p r i n te d .
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One o th e r  i n c l u s i o n  i n  'p r in t r o u te *  was th e  c a l l  o f  p ro c e d u re  't im e * , 
a  s h o r t  code p ro ce d u re  d e s ig n e d  to  hand back th e  ru n - t im e  to  'p r i n t r o u t e ' ,  
and t h i s  co u ld  th e n  be p r in te d  v d th  each  t o u r .  T h is  f e a tu r e  was found  
p a r t i c u l a r l y  u s e f u l  when u n d e r ta k in g  d i s s e c te d  s t e p - t im in g ,  to  be d e s­
c r ib e d  l a t e r .
F i n a l l y ,  th e  i d e n t i f i e r  ' ccoun t ' was u se d  f o r  th e  ru n n in g  t o t a l  o f  
k n i ^ t ' s  t o u r s ,  t h i s  b e in g  u p d a ie d  by  one each  tim e  'p r i n t r o u t e '  was 
e n te r e d ;  a t  th e  c o m p le tio n  o f  th e  t r e e - s e a r c h ,  t h e r e f o r e ,  t h i s  c o u n te r  
c o u ld  be p r in te d  o u t a s  th e  t o t a l  number o f H a m ilto n ia n  c i r c u i t s  on th e  
g raph  o f  th e  6 x 6  b o a rd ,
5 ,2 ,7  U p d a tin g  th e  D egree V e c to rs  T h is  i s  th e  c h ie f  h o u se k e e p in g  ta s k  
o f  p ro c e d u re  ' s t e p c o u n t ' ( th e  o th ê r s  b e in g  'r e o c o u n t ' and 's t o r e p a t h '  
u p d a te s  and c h e c k in g  f o r  s o l u t i o n ) , and we now ^ v e  a  l i t t l e  more d e t a i l  
o f  i t s  im p le m e n ta tio n .
The f i r s t  im p o r ta n t  n o te  we make i s  t h a t  t h i s  a c t i v i t y  i ^ é t f i o t l ÿ  
c o n fin e d  to  dovmward 's e e k s*  i n  th e  t r e e ,  a c c o rd in g  to  th e  o r g a n iz a t io n  o f 
'n ew deg ' o u t l in e d  i n  5 ,2 ,2 ;  f u r t h e r ,  f o r  t h i s  p u rp o se , no d i s t i n c t i o n  
i s  made betw een  GOTO and TEST m oves. One sim p le  exam ple w i l l  th u s  be 
a d e q u a te . R e fe ren c e  to  F ig u re  5 ,5  shows t h a t  sq u a re  7 i s  co n n ec ted  to
3 , 15 , and 35 , On th e  c h o ic e  o f  sq u a re  7 a t  l e v e l  n ,  t h e r e f o r e ,  's tep*- 
c o u n t ' p e rfo rm s th e  f o l lo w in g  o p e ra t io n s  :
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Sack oviEiSTHeft 
A S H o f t r L o o P ^ ^  
2 H O V E
(^ ol) *CjOTo' w\tjv<
VlSvC^ IXYES
5TWE
À SHOtl-V LOoP^!^ 
?
CWOOSE NEXT  
'TE^T' HOME
Cb) ' r e s r ' Vv\0 V-C
F ig u re  3 * ^  S h o r t  Loop T e s ts
( d e t a i l  o f  F ig u re  3*2)
UôuSevtÊEPiNiG-
^ x is  i-rx .
Ho\)g 25 YêO ^ ^ r “’
F ig u re  3*7 S o lu t io n  e x i t  to  P ro c e d u re
*S te p co u n t *
60
(a )  * newdeg’C. n  * 73 becomes 0
(b) ’newdeg’ [ w,, 33 f comes, i f  non-zero , ’newdeg’ [ n - 1 , 3] - 1,
( i f  z e ro , s ta y s  th e  sam e.
S im i la r ly  f o r  ’ newdeg* [  n , I 5 ]  and ’new deg’ [ n ,  3 5 ]
(c )  F o r a l l  o th e r  k ,  1 ^  k ^  3^ ; ’ newdeg* [ n ,  k ]  = ’ newdeg* [  n -1 , k] , 
E f f e c t i v e l y 5 t h i s  h a s  rem oved a l l  th e  edges in c id e n t  a t  sq u a re  7 th u s  
r e d u c in g  i t s  d e g re e ’ to  0 ,  and th e  d e g re es  o f  a l l  squar*es fo rm e r ly  jo in e d  
to  i t  by o n e 5 o th e r  sq u a re s  a re  u n a f f e c te d .  T h is  is ;^ s l i g h t l y  d i f f e r e n t  
from  what we have d e s ig n a te d  edge-rem oval m ethods w hich lea v e  u se d  sq u a re s  
w ith  a  d eg ree  o f  2 ,  b u t o n ly  i n s o f a r  as we can  v i s u a l i z e  h e re  th e  edges
o f  th e  to u r  b e in g  ru bbed  o u t a s  soon a s  th e y  a re  d e te rm in e d  and th e  v e r t ­
i c e s  e n te r e d  i n  ’ s t o r e p a t h ’ ( a  f u n c t io n  d is c h a rg e d  by ’ s tep co u n t*  immed­
i a t e l y  a f  te rw a rd s )  .
T h is  qrd-te l e n g th y . s e c t io n  h as  d e s c r ib e d  th e  m ain f e a tu r e s  o f  f i r s t -  
g e n e ra t io n  program s and how th e y  were u se d  i n  th e  im p le m e n ta tio n  o f  th e  
o n e - le v e l  lo o k ah ead  t r e e - s e a r c h .  As sh o u ld  be o b v io u s , we have b een  
p r im a r i ly  d i s c u s s in g  th e  ALGOL v e r s io n  o f  th e  program , and in d e e d  m ost 
o f  th e  work done wdth th e  e a r l y  program s was i n  ALGOL. The F0RThAli/dCA3 
v a r i a n t  w as, to  a  g re a t  e x t e n t ,  a  developm ent p rogram , a s  by th e  tim e 
o f  i t s  co m p le tio n  2 n d - ^ n e r a t i o n  ALGOL program s were o p e r a t io n a l ,  and th e  
p o s s i b i l i t y  o f  th e  g e n e ra t io n  concep t o f  a  dynamic c o n n d c tio n  m a tr ix  
staclc  was u n d e r  c o n s id e r a t io n .
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S u f f ic e  i t  to  s a y  t h a t  w i th in  th e  hounds o f  p o s s i b i l i t y ,  th e  PORTRAIT/
ÜCA3 program  was a  s t r a i ^ t  t r a n s l a t i o n  from  ALGOL, u s in g  e x a c t ly  th e  
same m ethods a p p l ie d  to  e x a c t ly  th e  same th e o r y ;  what w i l l  co n ce rn  u s  
l a t e r  ( 3 ,5 )  i s  th e  r o u t in e  s t r u c tu r e  o f t h i s  program ,, and i t s  m o d if ic a t io n  
to  p roduce  t h i r d - g e n e r a t i o n  p rog ram s.
B e fo re  m e n tio n in g  a p p l i c a t io n s  o f  th e  f i r s t - g e n e r a t i o n  p ro g ram s, 
we rem ark  t h a t  many o f  th e  f e a t u r e s  a l r e a d y  e x p la in e d  c a r r y  o v e r i n to  
th e  s e c o n d -g e n e ra t io n  program s and a  few  even  i n t o  th e  t h i r d ,
3 ,3  A p p l ic a t io n s  o f  1 s t - G e n era tio n  Program s The f i r s t  u se  o f  th e  e a r l y  
program s was o p t im iz a t io n  o f  th e  t r e e - s e a r c h ,  c l e a r l y  th e  m ost v i t a l  p a r t  
o f  th e  p ro c e d u re ;  t h i s  was a c h ie v e d  by s e e d in g  th e  program  l i b e r a l l y  w ith  
c a l l s  o f  th e  p ro c e d u re  ’ tim e* ( q ,v ,  su p e r) to  ^ v e  a  breakdown o f  th e
co m p ara tiv e  tim e consum ption  by v a r io u s  p a r t s  o f  th e  program *
The m ost n o ta b le  r e s u l t  to  emerge was th e  le n g th  o f  tim e  sp e n t i n  ’ newdeg* 
u p d a tin g ,  and t h i s  was c o n se q u e n tly  programmed more e f f i c i e n t l y ;  ^,%ile 
th e  s i z e s  o f  th e  r e s u l t s  were n o t p a r t i c u l a r l y  s i g n i f i c a n t  due to  ’ t im e ’ 
i t s e l f  t a k in g  t im e , th e  com parison  was u s e f u l  i n  h i ^ l i ^ t i n g  s lo w e r 
p a r t s  o f  th e  t r e e - s e a r c h  and i t  a ls o  r a i s e d  th e  s u s p ic io n  a s  to  th e  e f f ­
i c i e n c y  o f  a  r e c u r s iv e  t r e e - s e a r c h .
O th e r  r e s u l t s  were o b ta in e d  th r o u ^ i  checks b e in g  made on ’ newdeg’ 
a f t e r  each  m ove, and  by  k e e p in g  c o u n ts  o f  ’ r e  cco u n t ’ and th e  number o f  
GOTO m oves.
62
I t  was th o u g h t p o s s ib le  t h a t  t e s t i n g  f o r  GOTO moves m ight be u n p r o f i t ­
a b le  a t  c e r t a i n  l e v e l s  in  th e  t r e e  ( e s p e c i a l ly  h ig h  u p ) ,  and i t  was d e te rm ­
in e d  to  f in d  th e  p e rc e n ta g e  o f moves a t  each l e v e l  w hich w ere GOTO’s# T h is  
was e f f e c t e d  by k e e p in g  two v e c to r s  o f  c o u n te r s ,  ’s te p *  and ’g o to s te p * ,  th e  
l a t t e r  s e t  b e in g  a d ju s te d  a t  each  p a ssa g e  th ro u g h  th e  f i r s t  (GOTO move) e x i t  
to  ^ n e x ts te p * ,  and th e  fo rm er a t  b o th  e x i t s .  The r e l e v a n t  c o u n te rs  o f  th e  
two s e t s  w ere indexed  as  u s u a l  by ’re o c o u n t* , so  t h a t  i f ,  f o r  exam ple , a  
TEST move w ere made a t  l e v e l  17 th e n  *stc .p‘ [ i y ]  would be in c rem en ted  
by  1 , o r  i f  a  G-OTO move w ere made on move 22 b o th  ’s t e p ’ [ 2 2 ]  and ’g o to s t e p ’ 
[ 2 2 ~ \  w ould in c r e a s e .  B e fo re  c lo se -d o w n , th e  program  p r in te d  o u t th e  p e r ­
c e n ta g e s  s ’g o to s te p *  Cl’} X 1 0 0 /* step *  LO 5 th e  r e s u l t s  o f  a  sam ple o f  
a b o u t 1 0 ^  o f  th e  e n t i r e  t r e e - s e a r c h  b e in g  as shown in  T ab le  3 ,2 ,  Vfe can  
s e e  t h a t  (a s  e x p e c te d )  th e  h ig h  p e rc e n ta g e s  a re  c o n c e n tra te d  i n  th e  low er 
b ra n c h e s  o f  th e  .- s e a r c h - t r e e  w here th e r e  a re  few sq u a re s  to  c h o o se , anyway, 
b u t  a lth o u g h  th e  f i g u r e s  a r e  o n ly  around  33^ f o r  th e  f i r s t  10 moves, th e s e  
a r e  th e  GOTO moves r e a l l y  w orth  r e c o g n is in g ,  s in c e  t h i s  im p lie s  th e  p ru n in g  
o f  huge s u b t r e e s  (se e  2 , 2 , 1 ) .
Move Move Move , Move Move fo Move
1 0 7 33 13 38 19 37 25 62 31 98
2 0 8 34 14 36 20 47 26 36 32 100
5 14 9 34 15 41 21 43 27 53 33 100
4 31 10 36 16 36 22 44 28 66 34 100
5 34 11 35 17 38 23 53 29 49 35 ICO
6 31 12 37 18 42 24 47 30 65
Ta b le  B,2 Appm‘AÛwc».t  ^ ? G-oTQ wsoog>t> c*,tr
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The o th e r  a p p l i c a t io n  o f  th e s e  program s was to  count th e  number o f 
re m a in in g  edges on th e  e q u iv a le n t  g raph  a t  each  l e v e l ,  and hence to  work 
o u t th e  a v e r a ^  number re m a in in g  a t  each  s ta g e  ; f u r t h e r  th e  maximum and 
minimum number p e r  l e v e l  was reco rd ed *  T ak in g  th e  deg ree  o f  a  t y p i c a l  s q u a r e ,
S KL
( , we have th e  number o f  re m a in in g  edges i s
so t h a t  th e  av erag e  number o f  re m a in in g  edges a t  l e v e l  n , ov e r downwai^d 
seek s  th ro u g h  th e  l e v e l  i s
c"- ""à  I  b e in g  a  f u n c t io n  o f  th e  p re v io u s  moves. ^  c u m u la tiv e  t o t a l  o f B Ub
was k e p t f o r  each  n  in  a  v e c to r  % um new deg', and a f t e r  an  a r b i t r a r y  
seek s  ( b e in g  o b ta in e d  from  ’ s t e p ’ ) ,  th e  c o u ld  be o b ta in e d  by d iv is io n ,  
The maxima and minima
L = min. )
^  kh. t-
were a ls o  s to r e d  i n  v e c to r s ,  and th e  r e q u i s i t e  members compared a g a in s t
th e  c u r r e n t  E^ f o r  e v e ry  move.
I n t e r e s t  was fo c u se d  i n i t i a l l y  on th e  1 ^  i n  o rd e r  to  see i f  th e  v a lu e s  
were e v e r  such as to  im ply  l e s s  th a n  one re m a in in g  edg^ f o r  each  re m a in in g  
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?igVTe 3*8 show s, how ever, t h a t  t h i s  does n o t  o c cu r from  w hich we may 
co n c lu d e  t h a t  th e  GOTO and n o n r e p e t i t i v i t y  c r i t e r i a  a r e  s t r o n g e r  th a n  
t h a t  j u s t  e x p la in e d #  I t  i s ,  i n  f a c t ,  th e  GOTO lo o k ah ead  w hich p re c lu d e s  
a l l  p o s s i b i l i t y  o f  th e  number o f  edges rem ain ing /m ove  b e in g  l e s s  th a n  
o n e , f o r  i f  t h i s  were to  o c c u r ,  i t  would im ply an  u n v i s i t e d  i s o l a t e d  
v e r t e x ,  and t h i s  we have re n d e re d  im p o ss ib le  by th e  GOTO c r i t e r i o n  (2 ,2 * 1 )  
The o th e r  i n t e r e s t i n g  o b s e rv a t io n  we can  make from  F ig u re  3*8 i s  
t h a t  i s  n e g a t iv e  f o r  th e  sm a ll sam ple ta k e n  (ab o u t 5800 m oves),
which s u g g e s ts  t h a t  edges a re  removed r a p id ly  a t  f i r s t ,  b u t  a lg w ly
in  l a t e r  moves# We m en tio n  t h i s  a s  i t  p ro v id e s  a  d i r e c t  c o n t r a s t  w ith  
th e  p o l ic y  o f th e  W arn sd o rff  a lg o r i th m  w hich  a t te m p ts  to  remove a s  few 
edges a s  p o s s ib le  in  th e  e a r l y  m oves; many a c t u a l  to u r s  d e p a r t  c o n s id e r -  
a b ly  from  t h i s  s t r a t e g y ,  w hich would te n d  t o  p roduce  > 0 #
3#4* S e c o n d -G en e ra tio n  P rog ram s We have m en tioned  t h a t  f i r a t - g e n e r a t i o n  
s te p - t im in g  program s seemed to  in d ic a te  a  c o n s id e ra b le  amount o f tim e 
b e in g  s p e n t  on s ta c k  m ain ten an ce  due to  th e  r e c u r s iv e  s t r u c t u r e  em ployed, 
and t e s t s  on a  sim p le  loop  s t r u c t u r e  u s in g  c o n t r o l  t r a n s f e r s  were in a u g ­
u ra te d #  YHiile th e s e  program s m igh t n o t be c o n s id e re d  s u f f i c i e n t l y  d i f f ­
e r e n t  from  th e  p re c e d in g  ones to  j u s t i f y  a  s e p a r a te  ^ g e n e ra tio n * , th e r e  
i s  w i th in  t h i s  sm a ll change th e  nub o f  th e  th in k in g  w hich le d  to  t h i r d -  
g e n e ra t io n  runs#  These program s cou ld  n o t ,  t h e r e f o r e ,  p ro p e r ly  be d e s ­
ig n a te d  1 (a )  o r  p r e - 3 ;  th e y  a r e  a  c r u c i a l  tu r n in g  p o in t  i n  th e  d e v e lo p ­
ment # 65 ‘
A f e a t u r e  o f  ALGOL i s  t h a t  v a r i a b le s  u se d  l o c a l l y  to  a  r e c u r s iv e  
p ro c e d u re  a r e  d u p l ic a te d  a,t each  e n t r y  to  th e  p ro c e d u re , so t h a t  th e  
u s e  o f  * j  * a t  a l l  l e v e l s  a s  a  m arker to  i n d ic a t e  th e  b ran c h es  n o t y e t  
t r i e d  le a d s  to  no a m b ig u ity  so f a r  a s  a  r e c u r s iv e  te c h n iq u e  i s  con­
c e rn e d .  Each l e v e l  has a  * j  * i m p l i c i t l y  s u b s c r ip t e d ,  i . e .  l o c a l  to  
i t s e l f ,  th u s  e n s u r in g  th a .t vrhen a  b a c k tra c k  i s  m ade, th e  to p  v e r s io n  
o f  *j  * i s  l o s t  and  t h a t  c o rre sp o n d in g  to  th e  l e v e l  o f  th e  t r e e  n e a r e r  
I th e  r o o t  a g a in  becomes a v a i la b le  w ith  i t s  p re v io u s  v a lu e  iL n ta c t;  
th u s  th e  *j*s can  be th o u g h t o f  a s  own v a r i a b l e s ,  th e  scope o f  w hich 
a r e  d e te rm in e d  by th e  v a lu e  o f  'r e o c o u n t* .  The n e c e s s i t y  f o r  r e t a i n ­
in g  th e  c o u n te r  v a lu e s  i s  s t r e s s e d  by F ig u re  3 * 9 *  W rit in g  s u b s c r ip t s  
e x p l i c i t l y ,  to  choose  from  l e v e l  r  a  TEST move to  l e v e l  (rH-'l), 
i s  s e t  t o  z e r o ,  and th e  sq u a re s  t r i e d  in  t u r n .  I f  th e  f i r s t  i s  chosen , 
= 1 o The p ro c e s s  i s  re p e a te d  a t  l e v e l  ( r + 2 ) .  I f  none o f  th e s e  
sq im re s  i s  c h o se n , h a v in g  gone from  0 to  3? i s  throw n aw ay, and
 ------------ —  V*
— . —  —  L e v e .1 . r t  1
—  —  —  L -e v re l rt"2
F ig u re  3*9 L evel b ra n c h  c o u n te rs
At t h i ^  j u n c t u r e , i t  i s  v i t a l  to  know w hich b ra n c h  from  l e v e l  r  we
we b a c k t r a c k  one l e v e l
have j u s t  a sc e n d e d ; t h i s  in fo rm a tio n  i s  g iv e n  by  j The t r e e - s e a r c h
now c o n tin u e s  by p u t t i n g  j  = 2 , and resu m in g  dovmvrard s e a r c h in g .
H av in g  em phasised  th e  im p o rtan ce  o f  h a v in g  a  u n iq u e  b ran ch  c o u n te r  
a t  e v e ry  l e v e l ,  we m ust now heed  th e  consequences o f  rem ov ing  th e  a f o r e ­
s a i d  i m p l i c i t  s u b s c r ip t s  im posed by re c u i’s iv e  usageo ?/hen we u se  o u r 
i o - c a l l e d  i t e r a t i v e  m ethod , th e  i n s t r u c t i o n s  f o r  ch o ic e  o f  a  TEST move 
9-t th e  same b lo c k - le v e l ,  w h a tev er th e  v a lu e  o f  .* r e  ccoun t * ; in d e e d  
'r e c c o u n t*  i s  th e  o n ly  d i s t in g u i s h in g  a t t r i b u t e  o f  a  l e v e l  i n  th e  i t e r a t i v e  
t ^ e e - s e a r c h  ( s e e  A ppendix 1 ) ,  and th u s?  s in c e  * j* s f o r  d i f f e r e n t  l e v e ls  
a r e  n o t p r o te c te d  by b lo c k  s t r u c tu r e  g th e y  must be e x p l i c i t l y  s u b s c r ip te d  
i n  th e  p rog ram , u s in g  th e  u b iq u ito u s  * r e  ccount* f o r  an  in d ex  m ark e r; t h i s  
v e c to r  i n  2 n d -g e n e ra t io n  program s i s  c a l le d  * j j* .
A s i m i l a r  argum ent a p p l ie s  to  *d* which r e p r e s e n t s  th e  l a s t  sq u a re  
c h o se n . I n  f i r s t - ^ n e r a t i o n  p rog ram s, *d* i s  *owned^ by r e c u r s iv e  p ro ­
c ed u re  *n e x ts te p * ,  so a  u n iq u e  *d* e x i s t s  a t  any  tim e  f o r  a l l  th e  l e v e l s  
■up to  th e  one c u r r e n t ly  o c cu p ied ; f o r  a  s e c o n d -g e n e ra t io n  p rogram , how ever, 
t h e  l a s t  v e r s io n  o n ly  o f  *d* can  be a c c e s s e d , a l l  p re v io u s  ones h a v in g  
b e en  o v e r w r i t t e n .  The e f f e c t  o f  t h i s  b a c k tr a c k in g  i s  s im p ly  a s  fo llo w s  
( i m p l i c i t  s u b s c r ip t s )  :
At l e v e l  r ,  f i r s t - g e n e r a t i o n  has , d ^  , , . . , d^..^ > ? d ;
s e c o n d -g e n e ra t io n  o n ly  h as  d^. * B ack track  two l e v e l s :  f i r s t - g e n e r a t i o n ,  
lo s e s  d^_^ ,d p  and  *d* now r e f e r s  now r e f e r s  to  d^.^ r e q u i r e d ;  b u t f o r  
f o r  2 n d - ^ n e r a t i o n ,  <d* s t i l l  means d^ w hich i s  th e  sq u a re  a f t e r  th e  one 
c u r r e n t l y  o ccu p ied  •
67
H ence, i n  an i t e r a t i v e  e n v iro n m en t, *d*s m ust a ls o  be e f f e c t i v e l y  
.s u b s c r ip te d ;  t h i s  was d o n e , no t l i t e r a l l y  by d e c la r in g  an  a r r a y  o f  *d*s, 
b u t by r e - a s s ig n in g  a  v a lu e  to  *d* from  th e  l i s t  o f  com pleted  moves i n  
• s to r e p a th * .
A l l  o th e r  m ajo r c h a r a c t e r i s t i c s  o f th e  f i r s t - g e n e r a t i o n  program  
were r e t a i n e d ,  p a r t i c u l a r l y  th e  * d r iv in g  fo rc e s*  o f  *XX* and 'new deg*, 
b u t th e  m erg ing  o f  p ro c e d u re s  * n e x ts te p *  and * s te p c o u n t * i n to  th e  m ain 
s tre a m  o f  th e  program  a ls o  p roduced  th e  need  f o r  a n o th e r  v e c to r  c a l le d  
• l i n k * , I t  w i l l  be r e c a l l e d  t h a t  i n  F ig u re  5*2 two e x i t s  to  's te p c o u n t*  
fro m  'n e x ts te p *  were p o s s i b l e , th o se  c o rre sp o n d in g  to  a  ch o ice  o f  a  GOTO 
and a  TEST move; we have a l r e a d y  shown th e  c a l l  f o r  r e t e n t i o n  o f  c o u n te rs  
a f t e r  c h o o s in g  a  TEST move i n  th e  i n e v i t a b l e  e v en t o f  b a c k tr a c k s :  i t  i s  
j u s t  a s  v i t a l  to  e n su re  r e t u r n  to  th e  r i ^ t  p o in t  i n  th e  c o d in g  f o r  sq u a re -  
c h o ic e  when b a c k tra c k in g . I n  1 s t - g e n e ra t io n  p ro g ram s, th e  u se  o f  r e c u r s iv e  
p ro c e d u re s  overcame any d i f f i c u l t y  h e r e ,  b u t th e  s im p le  * to p - to -b o tto m ' 
ALGOL o f  th e  2 n d -g e n e ra t io n  r e q u ir e d  e x p l i c i t  m arkers to  be s e t  a f t e r  each  
c h o ic e  o f  move i n d i c a t i n g  a  TEST move o r  a  GOTO; th e s e  m arkers were s to r e d  
i n  th e  b o o le a n  a r r a y  ' l in lc * and r e fe re n c e d  by 'r e o c o u n t  ' ,
To p re s e rv e  s i m i l a r i t y  betw een th e  g e n e r a t io n s ,  th e  c o d in g  e q u iv ­
a le n t  to  p ro c e d u re s  'n e x ts te p *  and *s tep co u n t*  was l a b e l l e d  EXST: and 
BTGT: i n  g e n e ra t io n  2 ; th e  s t r u c tu r e  o f t h a t  s e c t i o n  o f  th e s e  program s 
c o rre sp o n d in g  to  F ig u re  3 ,2  i s  shown i n  F ig u re  5*fO,
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F ig u re  5 ,1 0  
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2nd^ g e n e ra t io n  p ro  gram ( i t e r a t i v e ) 
( s h o r t  lo o p  t e s t  o m itte d )
6 9
ITotice p a r t i c u l a r l y  t h a t  ^  s im p le  and q u ick  lo o p  f o r  GOTO "back­
t r a c k s  i s  p ro v id e d  "between th e  d is c r im in a t io n  on *linlc* [  ' re o c o u n t 
and l a b e l  IT a s  su g g e s te d  by. 2 ,2 ,1  (* lin k *  [  * recco u n t* ] i s  s e t  t r u e  o r  
f a l s e  a c c o rd in g  a s  th e  (* re o o o u n t* ) th . move i s  TEST o r  GOTO) o We have 
ob serv ed  t h a t  r e p l a c i n g  a  r e c u r s iv e  s t r u c tu r e  by  an  i t e r a t i v e  one h as 
o c ca s io n ed  th e  i n t r o d u c t io n  o f  two new v e c to r s  * jj*  and ' l i n k '  and e x t r a  
h o u se k ee p in g ; t h i s  m i ^ t  be e x p e c te d  to  n u l l i f y  to  a  g re a t  e x te n t  th e  
advan tage  o f  c u t t i n g  o u t r e p e a te d  p ro ced u re  c a l l s ,  and i n  f a c t  i t  was 
found t h a t  an  im provem ent i n  sp eed  o f o n ly  6 fo  r e s u l t e d .  The door to  
th e  t h i r d - g e n e r a t io n  program s had been  opened , t h o u ^ ,  b u t b e fo re  d e s­
c r ib in g  t h i s ,  we m ust f i r s t  make m en tio n  o f an  im p o rta n t m o d if ic a t io n  made 
i n  l a t e  g e n e r a t io n  2 ,
3. 4 .1  G raphic  O utpu t T h is  t i t l e  was co in ed  f o r  th e  k n i ^ t ' s  to u r s  
p r in te d  o u t i n  b o a rd  -  r a t h e r  th a n  s t r ip - f o r m ;  exam ples a p p ea r i n  A ppendix 
2o The b o a rd  i s  assum ed num bered a sy m m e tr ic a lly  as i n  F ig u re  2 .5 ,  and 
th e  numbers a c t u a l l y  d is p la y e d  a re  th #  number o f  sq u a re s  v i s i t e d  ( in c lu d ­
in g  th e  p r e s e n t ly  o c cu p ied  one) ; t h i s  has th e  a t t r a c t i o n  o f  d e m o n s tra tin g  
th e  sequence  o f  k n i ^ t * s  moves a s  th e y  a re  fo llo w e d  on a  c h e ssb o a rd , and 
i s  th e r e f o r e  much c l e a r e r .  I t  d o e s , how ever, r e q u i r e  an  e x t r a  v e c to r
®board’ and a d d i t i o n a l  h o u se k e e p in g , b u t i t  i s  n o t u se d  s o l e ly  f o r  o u t­
p u t .
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We f i n d  t h a t  th e r e  a re  " b a s ic a lly  two t h i n ^  we a re  i n t e r e s t e d  i n  a t  
any s ta g e  o f  th e  to u r
(a )  h a s  a  p a r t i c u l a r  sq u a re  b een  v i s i t e d  7
(b )  w hich was th e  l a s t  sq u a re  v i s i t e d ?
Q u e s tio n  (b) can v e ry  r e a d i l y  be answ ered by lo o k in g  a t  th e  l a s t  ( s i g ­
n i f i c a n t )  e lem en t o f  * s to r e p a th * , b u t (a )  would need a  s e a rc h  o f a l l  i t s  
s i g n i f i c a n t  e le m e n ts . We can  th e r e f o r e  f i n d  a  u se  when s e e k in g  a  TEST 
move f o r  a  v e c to r  w hich c o n ta in s  i n  p o s i t i o n  i  th e  i n t e g e r  p i f  sq u a re  i  
was th e  p th , to  be v i s i t e d  and ze ro  i f  th e  sq u a re  i s  so f a r  untouched*  
T h is  i s  e x a c t ly  what ’ b o a rd ’ c o n ta in s ;  and when a  to u r  i s  found  and a l l  
36 e le m e n ts  a re  f i l l e d ,  th e  v e c to r  can be p r in te d  o u t i n  6 -e lem en t s t r i p s  
to  assume th e  ap p earan ce  o f a  b o a rd ,
3 .5  T h ird -G e n e ra tio n  Program s The developm ent o f  g e n e ra t io n  3 happened 
i n  two s t a g e s ,  th e  f i r s t  a t t r i b u t a b l e  to  g e n e ra t io n  1 , and th e  second  to  
g e n e ra t io n  2 , The f i r s t  s ta g e  was th e  r e a l i z a t i o n  t h a t  i f  f a s t e r  t o u r -  
s e a rc h e s  were to  be a c h ie v e d , th e  s e a rc h in g  would have to  be a s  f a r  a s  
p o s s ib le  i n  assem b ly  la n g u a g e , w hich to  ex c lu d e  th e  p roblem s o f  r e c u r s iv e  
TJsercode o r  dCA3r m eant ALGOL/dsercode o r  F0RTAh/iTCA3o We chose th e  
l a t t e r  i n  view  o f th e  a v a i l a b i l i t y  o f  th e  much v a u n te d  E g tra n  PORTRAIT 
c o m p ile r ,  and a ls o  because  th e  PORTRAIT r o u t in e  s t r u c t u r e ,  e x te n d ed  i n  
Egdon to  UCA3 r o u t in e s ,  o f f e r e d  a  n e a t c o m p a r tm e n ta liz a tio n  o f  lan g u ^ ^es  
(an d  p u r p o s e s ) .
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The second  s ta g e  came w ith  th e  fo u n d a tio n  o f  i t e r a t i v e  m ethods : 
th e s e  e n ab led  a  g ig a n t i c  s i m p l i f i c a t i o n  o f th e  program  s t r u c t u r e  as 
shown in  F ig u re  3*11. In  f i r s t - g e n e r a t i o n  Egdon p ro g ram s, th e  ALGOL 
p ro c e d u re s  ’n e x t s t e p ’ and ’s te p c o u n t ’ w ere w r i t t e n  a s  r e c u r s iv e  FORTRAN 
s u b ro u t in e s  ’ITEXTEP* and ‘STEPCT’ c a l l i n g  one a n o th e r ;  t h i s ,  to g e th e r  
w ith  ’r e c c o u n t ’ u p d a tin g ,  was t h e i r  o n ly  p u rp o se , how ever: th e y  were 
’s h e l l ’ r o u t i n e s .  Each in c lu d e d  a  c a l l  o f  a  ( n o n - r e c u r s iv e ) TJCA3 r o u t in e  
c o n ta in in g  a  l a r g e  q u a n t i ty  o f  c o d in g  and c a r r y in g  o u t th e  fu n c t io n s  
o f  t e s t i n g  sq iaares and h o u se k e e p in g . For exam ple , a f t e r  c h o o sin g  a  
s q u a re ,  c o n t r o l  would be r e tu r n e d  from P4 to  NEXTEP w hich would th e n  
c a l l  STEPGT w hich w ould c a l l  P5 w hich would e f f e c t  th e  h o u sek eep in g  |  
i t e r a t i o n  p e rm it te d ,  th e  com paction  o f P4 and ? 5  in to  one p ie c e  o f  ITCA3 
c o d in g  w ith o u t any  need f o r  FORTRAN as an  in te rm e d ia r y .
Few f e a tu r e s  o f  th e  o r i g i n a l  EGDON program s have been  r e t a i n e d ,  
th e  s t r u c t u r e  h a v in g  b een  g r e a t ly  s i m p l i f i e d ,  and th e  te c h n iq u e s  b e in g  
th e  same as th o se  o f 1 s t - g e n e r a t io n  ALGOL p ro g ram s, anyway. We w i l l  
o m it, t h e r e f o r e ,  d i s c u s s io n  o f  th e  u se  o f  s i d e - e n t r i e s  in  P4 and V -s to re  
p r e s e r v a t io n  b u f f e r s ,  and m ere ly  in c lu d e  a  specim en  program  i n  A ppendix 
1 f o r  i n t e r e s t ;  p e rh ap s  i t  i s  w orth  rem a rk in g  t h a t  th e  i n i t i a l i z a t i o n  
r o u t in e s  SETUP, P 2 , and ? 3 ,  d i f f e r  l i t t l e  from  th e  p re l im in a ry  s ta te m e n ts  
o f  th e  1 s t - g e n e r a t io n  ALGOL p ro g ram s, and in d eed  th ro u g h o u t th e  d e v e lo p ­
ment o f  th e  lo o k ah ead  t r e e - s e a r c h  th e s e  o v e r tu re s  have c o n s is te d  o f  th e  
o p e ra t io n s  o f  p r e s e t t i n g  c o u n te r s ,  z e ro in g  a r r a y s ,  and s e t t i n g  up th e
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ze ro  l e v e l  o f  th e  d r iv in g  dynam ic a r r a y 5 w h e th er i t  he d eg ree  v e c to r  
o r  c o n n e c tio n  m a tr ix  ( s e e  b e lo w ), consequen t to  th e  c h o ice  o f  sq u a re  1 





(a) 1s t - G e n e ra tio n  r e c u r s iv e  F0RTKAii/UCA5 program  s t r u c tu r e
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Figure shows the stream lined  Egdon program of the th i r d -
g e n e ra t io n  w ith  i n i t i a l i s a t i o n  conducted  by SETUP and a l l  t r e e - s e a r c h ­
in g  by P2j w ith  a  c o n t r o l l i n g  m ain r o u t in e  i n  FORTRAU and k n i ^ t * s  to u r  
o u tp u t ( i n  g ra p h ic  form ) a ls o  i n  PORTRAI^o We have shown hov/ 2n d -g e n e ra t io n  
id e a a  le d  to  th e  s t r u c tu r e  b e in g  r e c a s t  i n  th e s e  te rm s ; now we, must 
d is c u s s  i n  some d e p th  th e  new program m ing to o l s  u t i l i s e d  i n  g e n e ra t io n  5 ? 
and b r i e f l y  d e s c r ib e  th e  Egdon program m ing system  where t h i s  h a s  s p e c ia l  
re le v a n c e  to  f u r t h e r  e v e n ts ,
3 . 6 . The Egdon System  T h is  i s  a  com prehensive system  f o r  c o m p ilin g  
and ru n n in g  program s on th e  KDF9 , u s in g  a  d i s c  u n i t  as random -access 
b a c k in g  s to r e  ( 4 M  4 8 - b i t  words o f s to ra g e )  o The d is c  i s  d iv id e d  i n to  
two e q u a l a re a s  o f ^ 2M w ords, one o f  w hich c o n ta in s  a l l  th e  s y s te m 's  
f i l e s  -  sy stem  p rog ram s, l i b r a r y  r o u t i n e s ,  u s e r 's  p rog ram s, and d a ta -  
b lo c k s  -  and th e  o th e r  i s  a v a i la b le  to  th e  u s e r  a s  w ork -space  f o r  h i s  
program  ( i . e .  tem p o rary  s to ra g e  o n ly ) .
A ll  p e r ip h e r a l  o p e ra t io n s  a re  c o n tr o l le d  by th e  D ir e c to r ,  a -m a s te r  
program  w hich , i n  th e  s im p le  Egdon 2 sy s tem , i s  p e rm a n en tly  i n  c o re , b u t 
w hich i n  th e  Egdon/COTAIT ( o n - l in e )  system  i s  composed o f  segm ents some 
o f  w hich may be w r i t t e n  o u t to  o r  c a l l e d  i n  from  d is c  from  tim e  to  t im e .
Program m ing f a c i l i t i e s  c o n s is t  o f a  FORTRAU ( l H - ) c o m p ile r and a  
ÏÏCA3 a s se m b le r , and a  program  may c o n s is t  o f  any co m b in a tio n  o f  FORTRAU
o r  ÜGA3 m ain r o u t in e  and an  u n s p e c i f ie d  number o f FORTRAN" s u b ro u t in e s  
( o r  f u n c t io n  subprogram s) o r  UCA3 P- o r  L - r o u t in e s ,
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5 * 6 ,1  In te rc o m m m ic a tio n  betw een FORTRAN and ÏÏGA5 I n  th e  Egdon sy stem , 
UCA5 and EORTAN r o u t in e s  can  c a l l  each  o th e r  w ith  com plete  freed o m , b u t 
a  UCA3 r o u t in e  w hich c a l l s  o r  i s  c a l le d  by a  EORTRAU r o u t in e  m ust o b se rv e  
c e r t a i n  co n v en tio n s*  The lin lc  ( th e  a d d re s s  to  w hich th e  c a l l e d  r o u t in e  
r e t u r n s  c o n tr o l  when i t  h a s  f in is h e d )  i s  l e f t  i n  th e  to p  c e l l  o f  th e  sub ­
r o u t in e  jump n e s t in g - s to r e  (SJNS) by th e  c a l l i n g  r o u t in e .  I f  th e  c a l l e d  
r o u t in e  i n  t u r n  c a l l s  o th e r  r o u t i n e s ,  th e  l in k  i s  p re s e rv e d  i n  to  
p re v e n t th e  p o s s i b i l i t y  o f  SJNS o v e rf lo w . F o r th e  p u rp o se s  o f  d e s c r ib in g  
t r a n s m is s io n  o f  a rg u m e n ts , th e  Egdon program m ing m anual in t r o d u c e s  th e  
te rm  'v a lu e * ;  where th e  'v a l u e ' o f  an  argum ent i s  o n  e n t r y  depends on 
w h e th er th e  c a l l e d  r o u t in e  i s  a  f u n c t io n  subprogram  o r  a  s u b ro u tin e  « 
o n ly  th e  l a t t e r  need c o n ce rn  u s ,  and i n  t h i s  e v e n t ,  th e  a d d re s s  o f  th e  
'v a lu e *  i s  l e f t  i n  th e  to p  c e l l  o f  th e  n e s t i n g - s t o r e ; what th e  'v a lu e *  
i s  depends on w he ther th e  argum ent i s  a  v a r i a b le  o r  a n  a r r a y  name: i i i  
th e  l a t t e r  case^  th e  * v a lu e  * i s  th e  a d d re s s  o f  th e  f i r s t  e lem en t o f  th e  
a r r a y ,  i n  th e  fo rm e r , th e  'v a lu e *  i s  m ere ly  th e  c u r r e n t  n u m erica l v a lu e  
o f  th e  v a r i a b l e .  Thus a  FORTRAN r o u t in e  t r a n s m i t t i n g  a  v e c to r  J  a s  an  
argum ent to  a  ÜCA3 r o u t in e  le a v e s  i n  th e  to p  c e l l  o f  th e  S e s t  (n1) th e  
a d d re s s  o f  J  [  1 ] ,
One o f  th e  f e a t u r e s  o f  com m unication betw een  r o u t in e s  i n  Egdon i s  
t h a t  i n  some c irc u m s ta n c e s  th e  'v a lu e ' i s  p la n te d  i n  own v a r i a b le s  o f
th e  c a l l e d  r o u t in e ;  i n  th e  case  o f a  c a l l e d  UCA3 r o u t i n e ,  t l i i s  means
''
V - s to r e 8 may be o v e rw r i t te n ,  and c a re  h a s  to  be ta k e n  to  d e c la r e  a  s u f f ­
i c i e n t  number f o r  t h i s  pui*pose.
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Q1 and Q2 have a ls o  to  he p re s e rv e d  i n  a l l  r o u t i n e s ,  h u t any  o th e r  
Q -s to re  can  he u se d  a s  c o n v e n ie n t, t h o u ^  i t  canno t he g u a ra n te e d  t h a t  
th e y  w i l l  he p re s e rv e d  hy  r o u t in e s  c a l l e d  by UCA5 r o u t in e s ,
3 . 6 ,2  S to ra g e  la y o u t  As in d ic a te d  i n  F ig u re  3 ,1 1  ( a ) ,  th e  la y o u t  o f  
c e r t a i n  s to ra g e  a re a s  i s  e f f e c t e d  by p r e l im in a ry  s e g n e n ts  o f  co d in g , 
p r i o r  to  e n t e r in g  th e  program  s e g n e n t. The r e s e r v a t i o n  o f  TJGA5 s t o r a ^  
o f  W and s t o r e s  h a s  to  be c a r r i e d  o u t f i r s t  by a  s e p a ra te  a s s ­
em bler c a l l e d  th e  F ro n t s h e e t a s se m b le r ;  and FORTRAN ( n o n - lo c a l)  common 
and p u b l ic  v a r i a b le s  and a r r a y s  a re  th e n  l a i d  o u t a t  th e  to p  end o f 
co re  by a  p re lu d e  se g n en t Tfhich a rra n g e s  t h i s  by a l l o c a t i n g  s to ra g e  
space d.pwn th e  co re  ( i n  s u c c e s s iv e ly  low er a d d re s s e s )  and th e n  f i l l i n g  
th e  sp ace  ^  th e  c o re ,  A.map o f  t h i s ,  to g e th e r  w ith  e x p la n a t io n s  o f  th e  
u se s  o f  th e  common l i s t  and th e  common a r r a y  a r e a  and th e  c o rre sp o n d ­
en ces  betw een th e s e  and th e  2 - s t o r e s  w i l l  be fo u n d  i n  th e  Egdon m anual 
( 11) ,  We ^ v e  below  (T ab le  3*5) a, map o f  th e  common and p u b l ic  
s to ra g e  a re a s  f o r  3r d - g e n e ra t io n  p rog ram s, b u t a  d e t a i l e d  e x p la n a t io n  
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T ab le  3*3 S to ra g e  Map o f  H igh-A ddress end of. Core
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76 (a)
The d e c i s io n  w h e th er o r  n o t to  p la c e  a n  a r r a y  o r  v a r i a b le  i n  
common o r  p u b l ic  s to ra g e  was l a r g e ly  r e s o lv e d  by  c o n s id e r a t io n  o f  
w h e th e r th e  q u a n t i t i e s  i n  q u e s t io n  were to  be a c c e s s e d  b o th  by PORTRAIT 
and IJCA3 r o u t i n e s ,  when th e  Z ^ s to ra g e  c o rre sp o n d e n ce s  made a d d re s s in g  
a  s im p le  m a t te r .  The c o n n e c tio n  m a tr ix  s ta c k  ( q .v , )  was a c c e s s e d  s o l e ly  
by ÏÏCA3 r o u t in e s ,  i n  acco rd an ce  w ith  3*5? and hence was p la c e d  i n  YA- 
s t o r e s ,  w h ile  BOARD was u se d  i n  th e  FORTRAN o u tp u t r o u t i n e ,  and a ls o  
i n  P2 (F ig u re  5 .1 1 (b ) )  so  n e c e s s i t a t i n g  a  common d e c l a r a t i o n .
5 ,7  The Dynamic C o n n ec tio n  M a tr ix  I n  th e  f i r s t -  and s e c o n d - ^ n e r a t io n
p rog ram s, th e  c o m b in a tio n  o f  *XX* and 'newdeg* m eant t h a t  a t  any l e v e l
i n  th e  t r e e - s e a r c h  th e r e  were known th e  l e g a l  k n i ^ t ' s  moves from  th e
sq u a re  o ccu p ied  and th e  number o f  l . t . m 's  from  t h a t  s q u a re ;  th e r e  were
no means o f  o b ta in in g  p ro m p tly  th o se  l . k .m 's  w hich w ere a ls o  l . t . m ' s
-  a l l  had  to  be t e s t e d  i n  th e  norm al way ( 3 * 2 ), T h is  was o b v io u s ly .
w a s tin g  tim e  by t a k in g  no acco u n t o f  th e  d e c r e a s in g  number o f  l . t . m ' s
and th e  co n cep t o f  a  dynam ic s ta c k  o f c o n n e c tio n  m a tr ic e s  was i n i t i a t e d
to  overcome t h i s .
B a s i c a l ly ,  th e  id e a  i s  t o  u p d a te  th e  c o n n e c tio n  m a tr ix  i t s e l f  so
th a t  a  v e r s io n  e x i s t s  f o r  each  l e v e l  o f  th e  t r e e  above t h a t  o c c u p ie d ;
we u se  th e  n o m enc la tu re  XX f o r  th e  c o n n e c tio n  m a tr ix  f o r  l e v e l  i ,  and 
e x te n d  f i r s t  th e  id e a  o f  a  condensed  c o n n e c tio n  m a tr ix  ( 3*2*5) to
dynamic s t a c k s .
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Suppose XX- i s  an  8 X 36mx. ( i . e .  th e  t ra n s p o s e  o f  t h a t  d e s c r ib e d  i n  
3 *2 , 5) w ith  e le m e n ts  d e f in e d  as  b e fo re  so t h a t  t h i s  m a tr ix  s p e c i f i e s  
a l l  th e  moves t h a t  can  be made from  e v e ry  s q u a re ,  t a k in g  in to  accoun t 
th o se  a lr e a d y  v i s i t e d .  To form  XX^.^^
(a )  Choose a  sq u a re  j ,
(b) The column c o rre sp o n d in g  to  j  i s  s e t  t o  z e ro ?  i , e *
XX ^+1 [  k , j  ]  = 0,  1 <  k <  8
( 0). A l l  r e f e r e n c e s  to  j  i n  o th e r  columns a re  removed and each  
colum n n e s te d  up  to  le a v e  no s e r e ' s  i n  th e  m iddle*
T h is  p ro ced u re  le a v e s  no t r a c e  o f  j  a t  l e v e l s  (c.*f 1) and g r e a t e r ,  i . e .  
we have 'd isc o n n e c te d *  th e  v e r t e x  from  th e  e q u iv a le n t  g rap h ; n o te ,  
t h o u ^ ,  t h a t  j u s t  a s  we d id  f o r  'newdeg* i n  3 *2 *2 , we 'th ro w  away' 
c o n n e c tio n  m a tr ic e s  when b a c k tra c k in g , so  t h a t  i f  we revoke  th e  ch o ice  
o f  sq u a re  j ,  X X w i l l  be l o s t  and i n  XX  ^ j  w i l l  be an  'a v a i la b le *  
sq u a re  a g a in , f i g u r e  3*12 shows -an example o f  u p d a t in g  a  
c o n n e c tio n  m a tr ix  i n  t h i s  way, which i s  an a lo g o u s to  th e  t r a n s i t i o n  from  
F ig u re  3 *4 (a ) to  F ig u re  3 . 4 ( b ) ,
The im p o rta n t f e a t u r e  o f  t h i s  m ethod i s  t h a t  th e r e  does e x i s t  one 
copy o f  th e  whole c o n n e c tio n  m a tr ix  a s s o c ia te d  w ith  each  move k e p t  i n
KEEPP ( 's to r e p a th *  o f  g e n e ra t io n  1 and 2)* T hat a  m ethod w hich 
does n o t e x h ib i t  t h i s  te c h n iq u e  can  be im plem ented  w i l l  now be shown.
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0 7 5 8 3 1 0 2 4 5 2 2 8 1 2 5 3
0 1 0 7 1 3 9 73 3 1 2 11 6 9 1 0 4 3 8 6
0 11 1 4 0 1 5 1 6 0 1 5 1 3 1 2 1 5 1 6 6 0 11 1 2
0 1 4 1 6 0 0 0 0 0 0
( a )
0
X X  L
0 0 9 0 0 0
0  • 7 5 1 3 3 1 0 2 0 5 2 2 1 0 1 2 5 3
0 1 0 7 0 9 1 3 3 0 11 6 9 1 6 4 3 11 6
0 11 1 4 0 1 5 16 0 0 1 5 1 2 1 5 0 6 0 0 1 2




F ig u re  3*12 Dynamic S tack  U p d a tin g  T echnique
3*7*1 Pushdown V e c to r  Method T h is  m ethod i s  more econom ica l i n  a p p e a r­
ance,. h u t we s h a l l  see  t h a t  i t  i n  f a c t  com pares u n fa v o u ra b ly  w ith  th e  ab o v e , 
I The scheme i s  to  c o n s id e r  each  colum n o f  th e  c o n n e c tio n  mX'. t  he to p  e lem en t 
o f  a  pushdown l i s t  o f  v e c to r s ;  when th e  move i s  ch o sen , n o t th e  whole 
m a tr ix  i s  u p d a te d , b u t o n ly  th o se  columns w hich a re  to  be a l t e r e d  ( i t  w i l l  
be se e n  i n  F ig u re  3*12 t h a t  many columns a re  unchanged  betw een  (a ) and ( b ) ) .  
A lte re d  v e r s io n s  o f  colum ns a re  f i l e d  i n  th e  to p  c e l l  o f  th e  a p p ro p r ia te  
pushdown l i s t ,  e v e r y th in g  below  b e in g  n e s te d  down one l e v e l .  The d e p th  
o f  each  pushdown l i s t  w i l l  be d e te rm in e d  by th e  maximum number o f  s t a t e s  
t h a t  a  colum n can  t a k e ,  f o r  a  b o a rd  o f  6 s q u a re s  a  s id e  t h i s  b e in g  8 ,
The e x a c t  sequence fo llo w e d  i s : -
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( i )  Downward Hove
(a )  Choose move to  sq u a re  j .
(b )  Z ero i n  XX j^ ( k , j ) ,  k  ^  8 , The fo rm er XX  ^i s  w r i t t e n
i n t o  XX2^ , XX2. i n to  XX 3 , and so on ,
( c )  . The sq u a re s  co n n ec ted  to  j  a re  o b ta in e d  from  th e  new
XX^ ,
(d )  Suppose th e s e  a re  , , , . , Up ; th e n  X X ^ (k  , ^
XX ^^^(k, f o r  l < m < 7  > 1 <  k <  8 , l < q < p *  XX  ^ (k , a^)
i s  g iv e n  by  ( f o r  e v e ry  q) ; i f  0<  XX ^ ( k , ) <  j  , th e n
XX  ^ (k  , ) = XX 2, (k  , ) 5 i f  XX (k  , a*^ ) > j  , th e n
XX2.
( i i )  B a c k tra c k
( a )  F in d  p re v io u s  s q u a re , k ,  from  EEEPP,
(b )  Pop-up t h i s  l i s t  i n  th e  a r r a y  by  o v e rw r i t in g  XX^ (m , k) 
w ith  X X ( m  , k) , 1< 7 , 1< m< 8 , The v e c to r  XX ^ (m , k) 
i s  f i l l e d  w ith  z e ro e s ,
( c )  XX  ^ (m , k) now c o n ta in s  th e  numbers a ^ , , , , , a p O f  
th o se  sq u a re s  whj.ch were co n n ec ted  to  j ,  so  we can  pop­
up  th e  l i s t s  XX(m , a ^  ) , l < q <  p , i n  th e  m anner o f  (b ) ,
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To im ag ine  th e  p ro c e s s  d e s c r ib e d  above w ork ing  i n  p r a c t i c e ,  
c o n s id e r  th e  m a tr ix  o f F i ^ i r e  5 .1 2 (a )  to  ba XX  ^ b e fo re  c h o o s in g  sq u a re  
8 , and assume t h i s  to  be th e  f i r s t  sq u a re  ch o sen ; by  c o n v e n tio n , th e n ,  
th e  m a tr ic e s  I X , XXg XXg a re  z e ro .  F ig u re  5 .1 2 (b )  shows
XX  ^ a f t e r  8 i s  ch o sen , and X X c o n s i s t s  o f  8 ,1 5 ,  0 ,0  i n  column 45 4 ,
12 , 1 5 , 0 i n  column 8J 8 , 10 , 16 , 0 i n  column 1 2 J 5? 8 , 11, 0 i n  column
1 5 , w ith  z e ro s  e ls e w h e re , and XX^ XXg s t i l l  u n to u ch e d .
The f e a tu r e  o f  th e  m ethod i s  t h a t  th e  c u r r e n t  s t a t e  o f  th e  conn­
e c t i o n  m a tr ix  i s  a lw ays h e ld  i n  th e  same a d d re s s e s ,  so t h a t  a d d re s s in g  
f o r  t e s t i n g  moves i s  e x tre m e ly  e a sy ; u p d a t in g ,  b e in g  p ie c e m e a l, i s  
k e p t  t o  a  minimum. The d is a d v a n ta g e s  a re  t h a t  th e r e  e x i s t s  o n ly  one 
com plete  c o n n e c tio n  m a tr ix  a t  any tim e -  t h a t  f o r  th e  c u r r e n t  l e v e l  -  
and t h i s  im p l ie s  u p d a t in g  b o th  when m oving down and b a c k tra c k in g ;  up­
d a t in g  i s  a ls o  more c o m p lic a te d  th a n  f o r  th e  fo rm e r m ethod,
5 ,7*2  B it-M a tr ix  R e p re s e n ta t io n  The dynamic s ta c k  m ethod r e q u i r e s  
l e v e l s  i n  th e  s ta d c  f o r  a  2n x  2n b o a rd , w hich means 126n‘^  words f o r
th e  whole a r r a y .  I f  n = 3  (6  x  6 ) ,  th e  s t o r a ^  r e q u i r e d  i s  some 10ÎC o f
c o re ,  b u t f o r  n =  4 , 52X a re  needed , and th u s  th e  a v a i la b le  c o re -sp a c e  
o f  KDF9 would be ex ceed ed .
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An a l t e r n a t i v e  r e p r e s e n ta t io n  i s  to  s to r e  th e  a r r a y  i n  e f f e c t i v e l y  
b o o le a n  form  w ith  th e  p o s i t io n  i n  th e  com puter 'w o rd ' th e  s i g n i f i c a n t  
a t t r i b u t e ;  f o r  th e  6 x 6  b o a rd , th e  a rrangem en t we u se  i s  a s  f o l lo w s : -  
XD i s  d e c la re d  a s  a  56 x  36 a r r a y ,  one d im ension  g iv in g  36 l e v e l s  ( o r  
l a y e r s ) ,  one d im ension  36 c o n n e c to rs ,  and 36 b i t - p o s i t i o n s  i n  each  word 
(D{/-35) ^ v i n g  th e  36 c o n n ec té e s  « Then
XD ( i , j )  , f = 1 i f  sq u are  j  i s  co n n ec ted  to  sq u a re
(k4- 1) a t  l e v e l  i  and 
= ^  o th e rw ise  ( l ^  i ,  j  <  36 ; 0 < k < 3 5 ) o
T h is  d e f i n i t i o n  i s  s p e c i a l l y  d e s ig n e d  to  talcs ad v an tag e  o f  th e  i n s t r u c t i o n  
s e t  o f  UCA3 and re d u c e s  c o n s id e ra b ly  th e  problem  o f  a d d re s s in g  a  p a r t i c ­
u l a r  word i n  th e  a r r a y .  F o r an  8 x 8 b o a rd , t h i s  ad v an tag e  would no t 
be a p p l ic a b le  s in c e  th e r e  a re  64 p o s s ib le  c o n n e c té e s , and t h i s  needs 
2 KDF9 words w hich a re  b e s t  k e p t  i n  c o n se c u tiv e  a d d re s s e s ;  th e  c o n se c u tiv e  
a d d re s s in g  i n s t r u c t i o n  o f  DCA3 co u ld  n o t th e n  be u se d  (a s  i t  was in  th e
g X 6 c a se )  f o r  f a s t  c o n s t r u c t io n  o f  l e v e l  i - f l  from  l e v e l  i  i n  th e  s ta c k .
To d e s c r ib e  th e  t r a n s fo rm a tio n  to  be e x e c u te d  a t  u p d a te - tim e  i n  
th e  dynam ic s ta c k  case  we m ust em phasise th e  f o l lo w in g  n o m en c la tu re
w hich i s  c r u c i a l  to  an u n d e rs ta n d in g  o f th e  p ro c e s s
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•Word» h as i t s  u s u a l  g g. iôe*  1 # « h l t  KDF9
By ' t h e  a rray *  we mean XD, i . e .  56 words x 36 words 2 -d im e n s io n a l a r r a y
i n  th e  o rd in a ry  sense*  By "m atrix*  we mean a  2 -d im e n s io n a l a r r a y  i n
th e  u n u su a l sense  t h a t  rows a re  in d ex ed  by s p e c i f y in g  p a r t i c u l a r  w ords; 
b u t columns a re  in d e x e d  by s p e c i f y in g  b i t s  w i th in  th e s e  w ords; e ac h  o f
th e s e  36 words x  36 b i t s  m a tr ic e s  i s  a  com plete  c o n n e c tio n  m atrix *
An i l l u s t r a t i v e  a m  lo g y  i s  t h a t  o f  a  sq u a re  m a i l - s o r t i n g  f ra m e , sunk 
in to  a  w a ll  so t h a t  we se e  i t  a s  a  tw o -d im e n sio n a l e n t i t y ,  b u t whose 
p ig e o n -h o le s  have d e p th ; fu r th e rm o re  some p a r t i c u la a s ig n i f i c a n e e  i s  
a t ta c h e d  to  th e  d is ta n c e  from  th e  f r o n t  o f th e  p ig e o n -h o le  t h a t  a  l e t t e r  
i s  f i l e d .  R e tu rn in g  to  th e  u p d a t in g  p rooedu i'e  on  th e  c o n n e c tio n  m a tr ix  
i n  th e  dynamic s ta d c  c a s e ,  we choose a  sq u a re  ( k 4 - l ) ,  a t  l e v e l  i ,  sa y , 
th e n ,  fo l lo w in g  p re c e d e n t ,  we want to  remove a l l  m en tio n  o f  (k -f-1) from  
t h e ( i 4 - l ) t h ,  c o n n e c tio n  m a t r ix .  A l l  sq u a re s  co n n ec te d  to  ( k d - l )  have .
1 »8 i n  th e  r e l e v a n t  b i t s  o f  XD ( i ,k * 4 -l)  so t h i s  word m ust be ze ro ed
(b y  l o g i c a l  »and* w ith  a z e ro  w o rd ); and a l l  s q u a re s  to  w hich (k R -l)  
i s  co n n ec ted  (n o te  th e  d i s t i n c t i o n )  have a  1 i n  b i t  Dj^  o f  th e  r e l e v a n t  
words o f  row i  o f  XD, i o e ,  XD ( i  , a ^ )  so we m ust p e rfo rm  a  l o g i c a l  
a n d 'b e tw e e n  th e s e  row s o f  b i t s  and a  word which» i$  a l l  I ' s  a p a r t  from  D^ , 
I n  p r a c t i c e ,  s in c e  no o th e r  words i n  t h i s  row o f  th e  a r r a y  have a  1
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i n  I we can  p e rfo rm  th e  same o p e ra t io n  on them , so t h a t  we a c t u a l l y
program  th e  t r a n s fo r m a t io n  a s
0
XD ( i )  and
1 0  1 
O
0 o o 0 0 0 
 ^ 8
„w  — > X D ( i + l ) ,
(K+1>
(XD ( i )  b e in g  sh o r th a n d  f o r  XD ( i , j ) ,  l £  The o p e r a t io n  i s
c a r r i e d  o u t word by w ord, i , e ,
XD ( i , l )  aM  1 . . . . 1 0 1  . . . , 1 XD ( i 4 - l , l )
XD ( i , 2 )  and 1 . . .  * 101 . . . .  1 XD ( i + 1 , 2 )
XD ( i , k 4 - l ) a M  0 .......................... * . . 0 XD ( i + 1 ,  k 4 - l )
XD f i , k - b 2 ) and 1 . .  . . lO l . , * . 1 , e t c .
Note t h a t  D36-4& o f  e v e ry  word i n  th e  o r i g i n a l  c o n n e c tio n  m a tr ix  i s  
s e t  to  z e ro  so t h a t  th e  "a n d * o p e r a t io n  h as  no e f f e c t  on  them . The 
pushdown v e c to r  m ethod can  s i m i l a r l y  be a p p lie d  to  a  s i m i l a r  b o o lean  
m a tr ix ,  b u t r a t h e r  th a n  v e c to r s  o f  words b e in g  push^down l i s t s ,  h e re  v e c to r s  
o f  b i t s  i . e .  i n d iv id u a l  words a re  th e  s t a c k s ,  th e  m ethod b e in g  an a lo g o u s 
to  th e  above e x c e p t t h a t  XD ( i )  i s  u p d a te d  p ie c e m e a l a s  b e fo re  and th u s  
o n ly  8 l e v e l s  ( l  <  i  <  8) a re  n eed ed . We see  t h a t  th e  * b i t - b y - b i t*  
r e p r e s e n ta t io n  form s a  compact m ethod o f  s t o r i n g  a l l  th e  * d riv in g *  mech­
anism  r e q u i r e d  f o r  th e  t r e e - s e a r c h  -  f o r  a  6 x  6 b o a rd  I 296 words a re
8 4
%192
u sed :: an  8 x  8 would need .809^* C om parative t e s t s  o f  th e  pushdown v e c to r
(288 and 1024 r e s p e c t iv e ly )  and dynamic s ta c k  te c h n iq u e s  showed th e  l a t t e r  
to  he f a s t e r ,  and t h i s  was th e  u p d a tin g  scheme t h e r e a f t e r  a d o p ted  i n  gen­
e r a t i o n  5 program s*
The a u th o r  f e e l s  t h a t  some o f  th e  c o n ce p ts  o f - t h i s  s e c t io n  a re  h a rd  
e n o u ^  t o  v i s u a l i z e ,  l e t  a lo n e  e x p la in ,  and th e r e f o r e  an  ALGOL v e r s io n  o f  
o f  th e  t r e e - s e a r c h  w ith  specim en  r e s u l t s  h a s  been  in c lu d e d  i n  A ppendix 1 
i n  th e  hope t h a t  t h i s  may a t  l e a s t  c l a r i f y  any o b sc u re  p o in ts  r a i s e d  i n  
th e  t e x t .  The program  u s e s  th e  f u l l  3"<ÜniGnsional arcray ( c a l l e d  *XX*) o f  
5 .7*  b u t adds th e  re f in e m e n t t h a t  when sq u are  j  i s  chosen  a t  l e v e l  i ,  
row j  o f  XX  ^ i s  z e ro e d , and th e n  th e  s q u a r e 's  number i n  th e  o rd e r  o f  moves 
( i . e .  ( i 4 - 1 ))  i s  e n te r e d  i n  th e  f i r s t  e lem en t o f  th e  row . T h is c o n se rv e s  
space  by  u s in g  p a r t  o f  *XX* i n  p la c e  o f  'b o a rd * ,  and th e  com plete to u r  can  
be p r in te d  i n  e x a c t ly  th e  f a s h io n  o f  5 * 4 .1 .
5*8 FORTRAN I d e n t i f i e r s  The l i m i t a t i o n  o f  a  le n g th  o f  6 ’c h a r a c te r s  on 
FORTRAN i d e n t i f i e r s  m eant a l t e r a t i o n s  were n e c e s s a ry  to  ^ n e r a t i o n  2 program s 
w hich o n ly  had  th e  generous K idsg rove  ALGOL re q u ire m e n ts  to  m ee t. The 
s ig n i f i c a n c e  o f  th e  i n i t i a l  c h a r a c te r  i n  d e te rm in in g  i n  FORTRAN i n t e g e r  
and n o n - in te g p r  v a r i a b le  ty p e s  h a s  caused  one o r  two r a d i c a l  c h an g es , bu t 
l a r ^ l y ,  ALGOL i d e n t i f i e r s  have m ere ly  been  c o n tr a c te d  t o  w i th in  th e  6 
c h a r a c te r  l i m i t .
85
ORGD r e p la c e s  'o r ig d e g *  b u t r a t h e r  th a n  c o n ta in in g  th e  d e g re e s  o f  a l l  
th e  sq u a re s  b e fo re  ev en  th e  ch o ice  o f  sq u a re  1 a s  i t s  p re d e c e s s o r  d id ,
ORGD h a s  th e  'b i t - b y - b i t *  c o n n e c tio n  m a tr ix  f o r  th e  i n i t i a l  s t a t e ,  th e s e  
36 row s o f  56 b i t s  e ach  b e in g  re a d  i n  i n . 'o c t a l  form , i n  th e  maim r o u t i n e , 
KEEPP i s  th e  e x a c t e q u iv a le n t  o f  's to r e p a th * ,  KTTOT o f  'cco u n t*  ( 3 * 2 ,6 ) ,
and BOARD o f  * b o a rd *3 th e  s to r a g e  l im i t  o f  th e s e  a r r a y s  i s  shown i n  
T ab le  3 , 3, S u b ro u tin e  PRINKT c o rre sp o n d s  c lo s e ly  w ith  th e  ALGOL p ro ce d u re  
• p r i n t r o u t e * .  P2 com bines th e  f u n c t io n s  o f  'n e x ts te p *  and 's te p o o u n t* ,  
and th e  i n i t i a l i z a t i o n  d e s c r ib e d  i n  comment a t  th e  h ead  o f  P I was e x p la in e d  
i n  3*5*
3 .9  Speed o f  3 r d - G e n e ra tio n  Program s The ty p e  o f  o u tp u t p roduced  by
3 r d - g e n e ra t io n  program s i s  shown i n  Appendix 2 , th e  a c tu a l  p ro c e s s  o f
p r i n t i n g  to u r 's  p ro v in g  tim e-co n su m in g  and s lo w in g  th e  r a t e  o f  to u r -
d is c o v e ry  to  a round  4 to u r s / s e c o n d ,  A v e r s io n  o f  th e  program  in te n d e d  
to -
on l^^en u m era te  th e  to u r s  fo und  9862 ( i n  agreem ent w ith  D uby 's r e s u l t s )  
a t  an  av erag e  r a t e  o f  v e ry  n e a r ly  8 to u r s / s e c o n d ,  ( ru n - t im e  o f  20m inu tes 
42 seconds) ,
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Duby ( 4 ) c la im s  a  program  speed  some 10 tim e s  f a s t e r  th a n  t h i s  
( p a r t l y  o r  w h o lly  a t t r i b u t a b l e  to  th e  7094/KDF9 m ach in e -sp eed  f a c t o r ) , 
and s t i l l  f i n d s  th e  8 x 8  seax’ch an d i s c o u r a ^ n g  p ro p o s i t i o n ,m a i n t -  
a in in g  t h a t  th e r e  may be o v e r 10 k n i ^ t ' s  to u r s  on a  s ta n d a rd  c h e ssb o a rd . 
I n  v iew  o f  th e  s ta te m e n t t h a t  th e  75 ,000  to u r s  fo und  a l l  had  th e  f i r s t
55 moves i n  common, i t  seems i n  o rd e r  to  su g g e s t a  t o t a l  more o f  th e  
16s c a le  o f  10 1 W hatever th e  f i n a l  t o t a l  m i ^ t  b e , o u r v e ry  crude  e s t im a te
o f  th e  s iz e  o f  t r e e - s e a r c h  i n d ic a t e s  t h a t  th e  8 x 8  s e a rc h  w i l l  be much 
l a r g e r ,  p ro b a b ly , w ith o u t th e  a id  o f  b e t t e r  p ru n in g  a lg o r i th m s , to o  
l a r ^  e v e r  to  be s o lv e d  i n  a  s in g le  rui^ o f  a  program ; one m i ^ t  h o p e , 
how ever, t h a t  a  c o m b in a tio n  o f  f a s t e r  m achines and a  segm ented t r e e -  
s e a rc h  such  a s  t h a t  o u t l in e d  i n  C hap ter 4 w i l l  e v e n tu a l ly  le a d  to  a  
s o lu t io n  o f  th e  k n i ^ t ' s  t o u r  problem  on th e  s ta n d a rd  c h e ssb o a rd . Some 
o f  th e  m ethods o f  C h ap te r 2 c o u ld  v e ry  w e l l ,  as we in d ic a t e  i n  th e  
C o n c lu s io n , p rove  more f r u i t f u l  i n  payment f o r  g r e a t e r  a t t e n t i o n  th a n  
i t  h as been  p o s s ib le  to  a c c o rd  them i n  th e  d u r a t io n  o f  t h i s  w ork.
I n  summary, we have t r a c e d  i n  t h i s  c h a p te r  th e  d e t a i l e d  d ev e lo p ­
ment o f  th e  im p le m e n ta tio n  o f  th e  o n e - le v e l  lo o k ah ead  t r e e - s e a r c h ,  
b e g in n in g  w ith  th e  r e c u r s iv e  ALGOL program s d r iv e n  by a  s t a t i c  condensed  
c o n n e c tio n  m a tr ix  and dynam ic s ta c k  o f  d eg ree  v e c to r s  and p r i n t i n g
8 7
s o lu t io n s  i n  s t r ip - f o r m a t  | we f i n i s h e d  hy d e s c r ib in g  th e  hea-'/ily  
a s s e m h ly - la n g u a ^ - o r ie n te d  FORTRM/tJCA^ program s w ith  g ra p h ic  o u tp u t 
and dynam ic c o n n e c tio n  m a tr ix  s ta c k  i n  b i t  form  a c t i v a t i n g  th e  t r e e -
search® I n  th e  co u rse  o f  t h i s  developm ent th e  speed  o f  th e  se a rc h  
was im proved by a  f a c t o r  o f  ab o u t I 50 ( th e  im provem ent due to  th e  i n t r o ­
d u c tio n  o f th e  o n e - le v e l  lo o k ah ead  i n  th e  f i r s t  .p lac e  i s  n o t r e a d i l y  
c a lc u la b le  b u t m ust be much g r e a t e r  -  3 * 1 ).
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CHAPTgR 4 
E x te n s io n s  & R e s u lts
4*1 I n t r o d u c t io n  At th e  end o f  th e  l a s t  c h a p te r j  we s t a t e d  th e  r e s u l t  
whijch was th e  p r im a ry  t a r g e t  o f  t h i s  w ork, i . e .  th e  number o f  H am ilto n ia n
c y c le s  o r  k n i ^ t ' s  t o u r s  on a  6 x  6 c h essb o a rd  i s  9862? T h is  i s  a  r e s u l t
;
w hich b r in g s  w ith  i t  th e  u n y ie ld in g  i n t r a c t i b i l i t y  t h a t  th e  a iu thor h a s
■
fo u n d  to  c h a r a c te r i z e  t h i s  problem  t h r o u ^ o u t  ; th e  s m a l le s t  s e t  o f  s o lu t io n s  
for^^ any  s i z e  o f  b o a rd  c o n ta in s  9862 members. The d is c o v e ry  o f  s i g n i f i c a n t  
p r o p e r t i e s  a m e n â t  a  s e t  o f  such  magtxitude im m e d ia te ly  r a i s e d  a  p a t t e r n  
r e c o g n i t i o n  p rob lem  o f  v a s t  d im en sio n s : how do we c l a s s i f y  th e  t o u r s ?
How do o th e r  t r e e - s e c i r c h in g  m ethods s ta n d  com parison  w ith  th e  one we have 
u s e d  ? We g iv e  an  acco u n t i n  t h i s  c h a p te r  o f  m ethods u t i l i s i n g  v a r i a t i o n s  
o f  th e  b a s ic  g e n e ra t io n  3 program  a lr e a d y  d e s c r ib e d  ( 3 .7 -8 )  w hich t r y
to  g ive  some i d e a  o f  th e  answ ers to  th e s e  q u e s tio n s *
4#2 C l a s s i f i c a t i o n  by  C o rn e r-O rd er We i n v e s t i ^ t è d  i n  2 .5  th e  f e a s i b i l i t y  
o f  m a tc h in g  4 s t r i n g s  each  o f  w hich in c lu d e d  a s  i n i t i a l  and te r m in a l  squ<are 
one o f  th e  4 c o rn e r s  o f  th e  board* How a  r e l a t i v e l y  m inor a l t e r a t i o n  was 
made to  th e  b a s ic  t r e e - s e a r  oh], ng  progr^am to  cause o u tp u t a t  th e  f i r s t  c o rn e r  
re a c h e d  a s  w e l l  a s  r e v e r s i n g  th e  l e v e l  p o in te r  i n  t h i s  e v e n t j th e  a v e r a ^  
d e p th  o f  s e a r c h  was c o n s id e ra b ly  re d u c e d , and o o r n e r - to - c o r n e r  s t r i n g s
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fo u n d  some 4 tim e s  f a s t e r  tn a n  k rD -g it’ s  to u i 's .  The t o t a l  number o f  
s t r i n g s  fo und  was 4 4 7 1 , e n o u ^  to  make th e  p ro s p e c t  o f  th e  m a tch in g  
p ro c e s s  v e ry  u n a t t r a c t i v e .  The s tu d y  o f th e  symmetry o f to u r s  can  be 
ap p ro ach ed  from  th e  an g le  o f  th e s e  c o rn e r - to - c o r n e r  s t r i n g s ,  how ever, and 
t h i s  i n  t u r n  ^ v e s  a  b ro ad  c l a s s i f i c a t i o n  o f th e  t o u r s .
I
i
4*2o l We make th e  f o l lo w in g  
I  D e f in i t io n s  A C -sq u are  i s  a  c o rn e r - s q u a re ,  and an N -square  i s  
sq u a re  s e p a r a te d  by 1 l .k .m .  from  a  C -square*  Thus f o r  th e  asym m etric  
b o a rd -n u m b e rin g  o f  F ig u re  2 . 5 . ,  th e  C -sq u a res  a re  1 ,6 ,5 ^ > 5 ^  ( c a l l e d  h e re ­
a f t e r  c o rn e r s  1 ,2 ,4 ,  and 5 r e s p e c t iv e ly )  and th e  h - s q u a re s  a re  9 ,1 0 ,  1 4 ,
1 7 , 2 0 , 2 3 , 27 and 28 , We sa y  t h a t  each  C -square  h a s  2 H -sq u ares a s s o c ia te d  
w ith  i t ,  and t h a t  r e l a t i v e  to  a n o th e r  C -square  one o f  th e s e  i s  th e  i n f e r i o r  
and  one th e  s u p e r io r  h - s q u a r e .
I f  a  , b ar’e 2 G -sq u ares th e n  th e  s u p e r io r  h -s q u a re  a sso c ia ted -w jib h  a  
r e l a t i v e  to  b , ( s ( a , b ) ) , i s  t h a t  sq u a re  a s s o c ia te d  w ith  a  w hich l i e s  on th e  
o p p o s i te  s id e  o f th e  b o a rd  d ia g o n a l t h r o u ^  from tb 'F  S im i la r ly  th e  i n ­
f e r i o r  H - s q u a r e , ( i ( a ,b ) } ,  l i e s  on th e  same s id e  o f  tn e  d ia g o n a l a s  a .
F ig u re  2 .5  shows t h a t  th e  s u p e r io r  N -sq u are s  and i n f e r i o r  h -sq u a i’e s  f o r  
e a c h  p a i r  o f  c o rn e rs  ar’e a s  i n  T ab le  4o l?  n o te  t h a t  t h i s  concep t does
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n o t a p p ly  t o  d ia g o n a l ly  o p p o s ite  C -squares*
How l e t  u s  suppose  t h a t  th e  3 C -squaxes a ^ , a  ^  ,& ta^  a re  v i s i t e d
i n  t h a t  o rd e rs  we c o n c e n tra te  on th e  c o rn e r  a^  ^ * I f  a ,  and a ^ ,a n d
and a^ a re  n o t d ia g o n a l ly  o p p o s ite  c o rn e r s ,  th e n  i f  th e  o rd e r  o f
I  t r a v e r s i n g  i s  s  , s  , a -  ) we sa y  th e  k n ig jit* s
to u r  h a s  a  loop  a t  a ^  , and i f  th e  o rd e r  i s  i(ag _  , a^  ) ,  a ^  , f(® 'z , a^  )
j t e  s a y  i t  h a s  a  c u sp * These te rm s a re  i l l u s t r a t e d  i n  F ig u re  4 o l ,  where
/we show a  cusp  a t  a l  and a  lo o p  a t  a3«
I
T hat i s ,  i f  a  C -square  a , hounded by 2 s t r i n g s  o f  lo t ,ra * s  j o in in g  
i t  to  2 ( d i s t i n c t )  d ia g o n a l ly  o p p o s ite  C -sq u a res  i s  t r a v e r s e d  v l.a  2 
s u p e r io r  H -s q u a re s , th e n  th e r e  i s  a. lo o p  a t  a )  i f  i t  i s  t r a v e r s e d  v i a  
2 i n f e r i o r  H -squar’e s  th e r e  i s  a  cusp a t  a .  I f  a  i s  jo in e d  to  two C -sq u a res  
n o t d ia g o n a l ly  o p p o s i te ,  th e n  a  i s  d ia g o n a l ly  o p p o s ite  to  one o f  th e s e  
s q u a re s ,  so th e  r e s p e c t iv e  re q u ire m e n ts  f o r  a  lo o p  and a  cusp a re  1 
s u p e r io r  H -sq u a re , and 1 i n f e r i o r  N -sq u are .
A d ia g o n a l C - s t r i n g  i s  a  s t r i n g  o f  l . t .m * s  j o in i n g  two d ia g o n a l ly  
o p p o s i te  C -sq u a re s ; an  a d ja c e n t  G - s t r in g  i s  any  o th e r  s t r i n g  o f  l . t . m ' s  
jo in in g  2 C -sq u are  So
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TaT)le 4 .1
( a  and b  a re  c o rn e r  nos* n o tI
sq u a re  n o s ,)
h s(o.,b) i(&, b)
1 2 14 9
1 4 9 14
1 1 17 10
1 3 10 17
3 1 IS 13
3 4 13 18
4 1 17 20












F ig u re  4 .1  Cusps & Loops
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I n  2 ,5  we d is c u s s e d  two o rd e r s  o f  to u r s  t r a v e r s i n g  c o rn e rs  and 
we can  now d e f in e  them s p e c i f i c a l l y  u s in g  th e  n o m en c la tu re  we have ju s t  
in t r o d u c e d ,
j
D e f in i t io n  A Type I  k n i ^ t *  s  to u r  i s  one w hich c o n s i s t s  o f  two d ia g o n a l 
g s t r i n g s  and two a d ja c e n t  ,C -s tr in g so
A Type I I  k n i ^ t ^ s  to u r  i s  one w hich c o n s i s t s  o f  f o u r  a d ja c e n t  C - s t r in g s .
/
I  T hese two v a r i e t i e s  o f  to u r s  a re  shown s c h e m a tic a l ly  i n  F ig u re  4*2 
i t  sh o u ld  he rem em bered t h a t  lo n g  in te rw o v e n  s t r i n g s  o f  moves s e p a ra te  
th e  C -sq u a re s , and th e s e  d iag ram s m ere ly  in d ic a t e  w hich c o rn e r  i s  jo in e d  
t o  w h ich , w ith o u t even  i n d i c a t i n g  w he ther lo o p s  o r  cu sp s e x i s t ,
4 o 2 ,2  F u r th e r  C l a s s i f i c a t i o n  We can now make u se  o f  th e  v a ry in g  ways 
o f  t r a v e r s i n g  a  p a r t i c u l a r  c o rn e r  to  su b d iv id e  th e  two c la s s e s  so f a r  
in t r o d u c e d :  a l l  th e  p o s s i b i l i t i e s  a re  shown i n  F ig u re  4 .3 .
  —
Type I Type I I
F ig u re  4 .2  K n i ^ t ^ s  T our C l a s s i f i c a t i o n
We have n o t y e t  in tro d u c e d  any  c o n s id e r a t io n s  o f  sym m etry i n to  
th e  to u r s  th em se lv e s  « t h i s  s u b je c t  i s  d e a l t  Y/ith i n  th e  n e x t s e c t io n .  
I t  i s  e v id e n t  how ever, on i n s p e c t in g  th e  d iagram s o f  F ig u re  4o3 t h a t  
s e v e r a l  c o n f ig u ra t io n s  have  an  in h e r e n t  symmetry a t t a c h e d ;  why o n ly  
some o f  th e s e  a re  r e a l i s e d  i n  p r e n t i c e  i s  o u r n e x t t o p i c .
T V J O  L O O P S
O n e  l o o p
C 7




NO L O O P S
I'ype I I
T w o  LOOPS
F ig u re  4*5 S u b c la s s i f i c a t i o n  by Loons
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4  L O O P S
4 .5  Symmetry o f  K n i ^ t ^ s  T ours The symmetry p r o p e r t i e s  we a re  g o in g  
to  d is c u s s  a re  a  p r o p e r ty  o f  th e  k n i ^ t * s  to u r* 's  r e l a t i o n s h i p  w ith  th e  
c h e ssb o a rd , and , a s  i s  u s u a l  w ith  t h i s  k in d  o f  d i s c u s s io n ,  th e r e  a i’e 
two v ie w p o in ts  we may t a k e .  We s h a l l  im agine th e  to u r  to  be a  f ix e d  
fram ew ork o f  m oves, th e  numbers o f  th e  sq.uares a s s o c ia te d  w ith  th e s e  moves 
b e in g  d e te rm in e d  by  th e  o r i e n t a t i o n  o f  th e  c h e ssb o a rd  r e l a t i v e  to  t h i s  
m ove-fram e w ork. A l t e r n a t i v e ly ,  v/e co u ld  have s p e c i f i e d  th e  b o a rd  a s  b e in g  
f ix e d  and th e  fram ew ork r e  o r i e n t  a b le .  When we r e f e r  i n  th e  su c c e e d in g  
p a ra g ra p h s  to  e q u a l i t y  ( * =  ’ ) betw een  s t r i n g s ,  we a re  c o n c e p tu a lly  d iv ­
o r c in g  th e  p a t t e r n s  o f moves from  th e  b o a rd , i . e .  d i s s o c i a t i n g  them  from  
âhy  hum bering  sy s te m , and su p e rim p o s in g  them  one on a n o th e r .  Two s t r i n g s  
in d i s t i n g u i s h a b le  u n d e r th e s e  c irc u m s ta n c e s  s a t i s f y  th e  e q u iv a le n c e  r e l ­
a t i o n  ' % I n  th e  s tu d y  o f  sym m etries we a re  i n t e r e s t e d  i n  8 o r i e n t ­
a t io n s  o f  th e  b oard  a s  fo l lo w s  
( O ) i t s  i n i t i a l  s t a t e
(< x  ) r o t a t i o n  abou t an  a x is  t h r o u ^  one p a i r  o f  d ia g o n a l ly  o p p o s i te  
C -sq u a res
o
( jS ) r o t a t i o n  abou t an. a x is  a t  90 to  t h i s  i n  th e  p la n e  o f  th e  b o a rd
( jj- ) r o t a t i o n  abou t an  a x is  t h r o u ^  th e  m id -p o in ts  o f  one p a i r  o f
o p p o s ite  s id e s
o
(  S  )  r o t a t i o n  a t o u t  a n  a x i s  a t  9 0  t o  (  v  )  i n  t h e  p l a n e  o f  t h e  h o a r d
(  e . )  r o t a t i o n  t h r o n g  9 0 ' ° a b o u t  a n  a x i s  p e r p e n d i c u l a r  t o  t h e  b o a r d
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(^Vj) r o t a t i o n  t h r o n g  180^abou t an  a:cis p e rp e n d ic u la r  to  th e  board  
{ Q )  r o t a t i o n  t h r o u ^  2Y(f abou t an  a x is  p e rp e n d ic u la r  to  th e  b o a rd .
T h is  s e t  o f  t r a n s fo rm a tio n s  o f  a  k n i ^ t ^ s  to u r  fo rm s a  group u n d e r th e  
o p e ra t io n  *f * r e p r e s e n t in g  ’fo llo w e d  by* 5 th e  sex'o e lem ent i s  0 , and 
each  t r a n s fo r m a tio n ,  a p a r t  from  & & P  , i s  i t s  own in v e r s e ;  th e  t r a n s -  '
g
fo rm a tio n s  0 , & , Kjand^form a  8ubgrm%p9
Given a  k n i g h t t o u r  a t  random , i t  may on a p p l i c a t io n  o f  th e  8 
t r a n s fo rm a tio n s  y i e l d  8 d i s t i n c t  k n i g h t ’ s t o u r s ;  we sa y  t h a t  such a, 
to u r  i s  n o n -sy m m etric , Some to u r s  y i e ld  o n ly  4 d i s t i n c t  t r a n s fo rm a tio n s  
and some 2 : we c a l l  th e s e  2 - and 4-8ym m etrio  r e s p e c t iv e ly .  There now
fo llo w  some r e s u l t s  on th e  symmetry o f  k n ig h t ’ s t o u r s ;  v/e u se  th e  symbol 
^  to  .d en o te  th e  o p e r a t io n  o f  r e f l e c t i o n  i n  a  d ia g o n a l a s  i n  2 , 2 , ,  and 
A , B , G , h a re  c o r n e r - to - c o r n e r  s t r i n g s .  By r e f l e c t i o n  sym m etry we mean 
any  o f  th e  t r a n s fo r m a tio n s  j  produce th e  same e f f e c t  a s  0 ; by
r o t a t i o n a l  sym m etry we mean t h a t  one o r  more o f  e , r j  p ro d u ces th e  same 
e f f e c t  a s  0 , The b o a rd  i s  assumed e v e n -s id e d .
Lemma 4 .1  Fo c o r n e r - to - c o r n e r  s t r i n g  betw een a d ja c e n t  c o rn e rs  o f  th e  
b oard  i s  sym m etric abou t th e  m id -p o in t o f  th e  s id e  o f  th e  b o a rd  j o in in g  
th e  two C -sq u a re s .
P ro o f C o n s id e r , f o r  exam ple , c o rn e rs  1 and 2 w ith  x - c o o r d in a te s  0 and 
5* I f  a  move i s  made from  1 w ith  Ax = A x ^  , th e n  th e  m ir ro r  imagp move 
from  2 m ust be made a ls o  w ith  Ax -  -  Ax.^ , The c o rn e r  sq u a re s  were o r ig ­
i n a l l y  5 sq u a re s  a p a r t ,  and th e  s e p a r a t io n  o f  th e  two ends o f  th e  s t r i n g s
b e in g  c o n s t ru c te d  from  th e  G -squares i s  now 5 - 2 .
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A f te r  n moves have "been made from  1 , and th e  c o rre sp o n d in g  r e f l e c t e d  
moves made from  2 , th e  s e p a r a t io n  i s
5 - i 2 1 A x ^ ,
w hich i s  alw ays odd* S ince  th e  s e p a r a t io n  i s  n e v e r  z e ro ,  th e  s t r i n g s  
can  n e v e r  meet -  hence th e  r e s u l t .
Lemma 4*2 Any s t r i n g  o f  l . k .m ’ s jo in in g  a d ja c e n t  C -sq u a res  h a s  an  odd 
number o f moves, and any s t r i n g  jo in in g  d ia g o n a l ly  o p p o s i te  C -sq u a res  
an  ev en  number o f  m oves.
P ro o f Suppose .ifcfee c@ ^efer% e:^ -f irs t*  -p a r t  tg- W  L et th e
number o f  moves i n  th e  s t r i n g  w ith
Ax = + 1  be ; A y  = -!- 1 be
A'x = - 1  be t A y  = — 1 be vva_^
A x  =  4 2  be y i ^ 2. Î A y  =  - h  2 be
A x  -  — 2 be ;  A y  =  —  2  be
L et th e  t o t a l  number o f  moves be 2p , and th e  b o a rd  - s i z e  be 2qX 2q . 
Then o b v io u s ly
% i+  +• ^ + 1  *^+1.'’'  ’^ -2  = ( 1 )
A lso  w e  h a v e  | A x | =  2 q  - 1 ,  | A y |  =  0  ( o r  v i c e  v e r s a )  f o r  a n  a d j a c e n t
C - s t r in g .
Kow
|A y |= 0  = -2m
| A x 1 - 2 c^ ~  1 -  -2 n _ ^
' -  <2)
and s u b s t i t u t i n g  i n to  th e s e  e q u a t io n s  from  ( l ) ,  we ge t
2 m ^ , 4 - 3 n i + j , =  2p
2"+i + 3«+i.-”-_2.=  2 (p4-q) -  1
Prom th e s e  r e s u l t s  we deduce t h a t
5®+2. -  i s  e v e n , .  . ^ + 2.) bave th e  same p a r i t y .  
S im i la r ly ,  3%+% -  i s  o d d ,, . and n_^have o p p o s ite  p a r i t y .
But =
So and  n_  ^m ust have th e  same p a r i t y ,  and and m m ust have o p p o s ite  
p a r i t y .  T h e re fo re
4îr_^4n_^^-f-n_^^ c o n s i s t s  o f  5 o d d s4-1 even  o r  3 ©vens 4 1  
odd, e i t h e r  o f w hich g iv es  an  odd r e s u l t ,  i n  c o n t r a d ic t io n  w ith  (■) 5 
s i m i l a r l y  f o r  th e  m*s.
By an  an a lo g o u s argixm ent, we can show t h a t  th e  s u p p o s i t io n  o f  th e  
co n v erse  o f  th e  second p a r t  o f  th e  lemma le a d s  to  a  c o n t r a d ic t io n  a ls o  
0© th e  lemma i s  p ro v ed .
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Theorem 4*5 T here a re  no 8 - sym m etric  k n ig a it’ s to m ;s .
P ro o f C le a r ly  Type I  a re  in h e r e n t ly  no t c o m p le te ly  sym m etric  : an  8 - 
sym m etric k n i ^ t * s  to u r  would have to  he Type I I ,  c o n s i s t in g  o f  4 i d e n t i c a l
a d ja c e n t  C -s t^ in g s  to  s a t i s f y  r o t a t i o n a l  sym m etry; th e  C - s t r in g s  would
a ls o  need to  he sy m m etrica l ab o u t th e  m id -p o in t to  comply v /ith  r e f l e c t i o n  
sym m etry r e q u ir e m e n ts .( i ,e ,  A = B =C  = 2); i n  F ig u re  4 .2 ) ,  But we have
shown t h i s  to  be im p o s s ib le  i n  Lemma 4*1* Hence th e r e  a re  no 8 - sym m etric
k n i ^ t * s  t o u r s .
Theorem 4«4 No Type I  k n i ^ t  * s to u r  h a s  r o t a t i o n a l  sym m etry.
P ro o f Suppose a  Type I  to u r  does have r o t a t i o n a l  sym m etry, th e n  i t  i s  
p l a i n  from  F ig u re  4 ,2  t h a t  t h i s  must be a  2 - f o ld  symmetry w ith  A=G,  B =  D,
T h e re fo re  A 4B  must be 18 m oves, y e t  Lemma 4 ,2  shov/s t h a t  A-PB i s  in e s c ­
a p a b ly  odd, so  t h a t  even  2 - f o ld  r o t a t i o n a l  sym m etry o f  Type I  to u r s  i s  im­
p o s s ib l e .
Theorem 4 ,5  No Type I  k n i ^ t ’ s to u r  has r e f l e c t i o n  sym m etry,
i . e .  A ll  Type I  to u r s  a re  n on -sym m etric .
Lemma 4 , i  shows t h a t  no sym m etries can  a r i s e  o u t o f  th e  t r a n s fo rm a tio n s  
y and S above. C o n s id e ra t io n  o f  F ig u re  4.2 a ls o  shows t h a t  oc and ^  a p p l ie d  
to  th e  ^ n e r a l  Type I I  t o u r  p roduces d i s t i n c t  k n i ^ t * s to u r s  u n le s s  we
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have e i t h e r  C-D* o r  B=C*.
Theorem 4*^ ITo Type I I  k n i g h t ’s to u r  h as r e f l e c t i o n  sym m etry.
P ro o f  In  th e  fo re g o in g  rem arks we have shown th e  s u f f i c i e n c y  o f  p ro v in g
th e  to u r  in  F ig u re  4«4 c an n o t e x is t*  C o n sid e r th e  h o a rd  shown in  4*5*,
and l e t  us t r y  to  c o n s t r u c t  th e  k n ig h t ’s to u r  shown in  th e  second  d iagram
o f F ig u re  4 .4*  Now th e  sq u a re s  X and Y m ust he u sed  once and o n ly  once
e a c h . I f  1  i s  in  s t r i n g  A and i s  reach ed  in  x m oves, and c o rn e r  2 i s
rea c h e d  in  n  m oves, th e n  X- m ust he rea ch e d  in  n + (n -x )" 2 n -x  m oves; h u t
X*=X, so  th e  s^iuare X i s  u se d  tw ice*  V/hether X o r  Y i s  u se d  in  A o r  B
i t  m ust a l s o  o ccu r in  A^ o r  B-^, o r v ic e  v e r s a ,  so  th e s e  two sq u a re s  a re
e i t h e r  u sed  tw ice  o r  n o t a t  a l l ,  and th u s  t h i s  sequence  o f  s t r in g 's  i s  n o t
I
a  k n i g h t ’s to u r*  An i d e n t i c a l  argum ent e x i s t s  f o r  th e  l e f t  d iagram  
o f  F ig u re  4*4# r e l a t i n g  to  th e  u se  o f  sq u a re s  V/ and Z* Hence v/e have 
th e  d e s i r e d  r e s u l t*
F ig u re  4*4 Hypo t h e t i c a l  R e f le c t io n -  





F ig u re  4*5
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ÎTote t h a t  -we ha,ve a ls o  e l im in a te d  th e  p a r t i c u l a r  c a se  o f  F ig u re  4 .4  
where A = B. Thus we conclude  from  th e  above theo rem s t h a t  o n ly  Type I I  
to u r s  show any  sym m etry, and t h i s  i s  a t  m ost 4 - f o ld  symmetry o f  th e  r o t ­
a t i o n a l  ty p e ,
These t h e o r e t i c a l  c o n s id e r a t io n s  le a d  u s  to  e x p e c t t h a t  th e  t o t a l  
number o f  Type I  t o u r s , n  ^  , ^^11 be d i v i s i b l e  by 8 and th e  number o f 
Type 1 1 * 8 ,n ^ t ,  d i v i s i b l e  (o n ly  p o s s ib ly )  by 2 , I n  f a c t  th e  fo rm e r number 
i s  o n ly  d i v i s i b l e  by  4 , s in c e  o u r e a r l i e r  freedom  o f  o r i e n t a t i o n  le a d s  
u s  h e re  i n to  a m b ig u ity : th e  t r a n s fo rm a tio n s  0 , oc, . , ,  . g e n e ra te
from  each  k n i ^ t * s  to u r  8 to u r s  no one o f  w hich may be g e n e ra te d  from  
any o th e r  to u r  ( u n le s s  i t  be one o f  th e  o th e r  7) s in c e  th e  t r a n s fo r m a tio n s  
form  a  g roup , and c o n se q u e n tly  we sh o u ld  be a b le  to  choose to u r s  w hich 
w i l l  ^ n e r a t e  a l l  th e  n^  Type I  to u r s  ( i t  i s  c l e a r  t h a t  Type I  to u r s  
g e n e ra te  Type I ,  and  Type I I  g e n e ra te  Type I I ,  no c r o s s - ^ n e r a t i o n  b e in g  
f e a s i b l e ) ,  \7e w i l l  now p ro v e , how ever, t h a t  th e  t r a n s fo rm a tio n s  d e s c r ib e d  
a lw ays g e n e ra te  4 c lo ck w ise  and 4 a n t i - c lo c k w is e  t o u r s .  S ince  we have 
d e n ie d  th e  s e p a r a te  i d e n t i t y  o f  to u r s  s t a r t i n g  1 —5>14, i t  i s  a p p a re n t 
t h a t  to u r s  m ust be chosen  from  w hich to  ^ n e r a t e  a l l  Type I  t o u r s .
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Theorem 4 .7  The e i ^ ^ t  t r a n s fo r m a tio n s  on a  k n i ^ t  * s  to u r  a lw ays produce 
4 c lo ck w ise  and 4 a n t i - d o  ok w ise  t o u r s .
P ro o f F ig u re  4-6  shows th e  r e s u l t s  o f  a p p ly in g  th e  o p e ra t io n  *f* to  
p a i r s  o f  t ra ,n s fo rm a tio n s , ‘From t h i s  we see  t h a t  i f ,  f o r  th e  p u rp o ses  
o f  th e  a rgum en t, we te rm  0 a  z e ro  r o t a t i o n ,  th e n  any  r e f l e c t i o n  t r a n s ­
fo rm a tio n  can  he acco m p lish ed  by a  r o t a t i o n  t r a n s fo r m a t io n  fo llo w e d  by
th e  s p e c i f i c  r e f l e c t i o n  oc, We have
ts 0  cK
A "  1 f
ï ' = 9 j  
& S = E f  (X.
The e f f e c t  o f  c<, i s  to  r e v e r s e  th e  sense  o f  th e  t o u r ,  so t h a t  i f  th e  
u n tra n s fo rm e d  to u r  0 b e ^ in  1 — i s  a  to u r  b e g in n in g  1 —->14 (and  th u s  u.rc- 
a c c e p ta b le )  W hatever th e  o r i e n t a t i o n s  o f  th e  to u r s  o b ta in e d  by th e  
s in g le  t r a n s fo rm a tio n s  £ ,  Kj , & ^  , th o se  got by  th e  double  t r a n s fo rm a tio n s  
S f r e s p e c t iv e ly  w i l l  be o p p o s i te .  So th e r e  a re  e q u a l numbers o f




T ab le  4 * ^  T ab le  o f  E f f e c t  o f  S u c c e ss iv e  R e f le c t io n s  and R o ta t io n s
on k n i ^iht * s to u r s
Jn^. i s  th u s  an  i n t e g e r ,  and th e  number o f  Type I  to u r s  i s  
d i v i s i b l e  by  4# A m inor a l t e r a t i o n  to  th e  t r e e - se  a rc h in g  r o u t in e  o f  
th e  b a s ic  ^ n e r a t i o n  3 program  was made to  count Type I  t o u r s ,  t h i s  
c o n s i s t i n g  o f  a  check on th e  o rd e r  o f  t r a v e r s i n g  C -s q u a re s 5 Type I I  
t o u r s  a lw ays p a ss  th ro u g li e x a c t ly  one C -square  r e a c h in g  c o rn e r  5 ,
w hereas t h i s  sq u a re  i s  a lw ays th e  1 s t  o r  3 rd , C -sq u a re  on a  Type I  
i t in e ra ry ©  The r e s u l t  o b ta in e d  f o r  th e  Type I  and I I  c o u n ts  ( th e s e  
two f i g u r e s  were a ch iev e d  from  two s e p a ra te  r u n s ,  n o t  by  s u b t r a c t in g  
e i t h e r  from  $ 8 6 2 )  were : -
Type I  
Type I I
3752 to u r s  
6110 to u r s
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We se e  oxxr s u p p o s i t io n  t h a t  m i ^ t  o n ly  be d i v i s i b l e  by 2 i s  i n
f a c t  c o r r e c t j  b u t i n  th e  l i g ^ t  o f  Theorem 4o7o? i t  i s  w orth  r e f l e c t i n g  
t h a t  th e  r e a s o n  f o r  t h i s  i s  n o t th e  r e a c t io n  o f  i n f o l d  symmetry on groups
o f  8 t r a n s fo rm a tio n s *  The f a c t  t h a t  we do n o t adm it 4 o u t o f th e s e  8
n i i ^ t  cau se  u s  to  r e v i s e  o u r id e a s  and e x p ec t r a t h e r  to  be odd, b u t
we have a ls o  to  b e a r  i n  mind th e  e s s e n t i a l  asym m etry o f  each  a d ja c e n t
G - s t r i n g  i n  th e  4 - sym m etric Type I I  t o u r s .  F o r th e s e  to u r s  (shown i n
F ig u re  4*7) th e r e  i s  an  isom orph  f s t r i n g s
I
so  t h a t  4 "sym m etric  (and  2 - sym m etric) to u r s  n a t u r a l l y  o c cu r i n  p a i r s  
and n ^  i s  th u s  e v e n .
A
i ti
F ig u re  4*7 The 2 S tru c tirc e s  o f  4 - Symmetric Type I I  T ours and t h e i r
Isom orphs
'  nil,I III' I» ,=,,M w
F u r th e r  re f in e m e n t to  th e  t r e e - s e a r c h in g  r o u t in e  e n ab led  th e  a c tu a l  
num ber o f  2 -  and 4-sym m ietric k r d .^ t* s  to u r s  to  be d e te rm in e d , and r e p r e ­
s e n t a t i v e  exam ples o f th e  v a r io u s  lo o p /c u sp  coP ib iaatio ri^  p e rm is s ib le  o ra  
d is p la y e d  i n  A ppendix 2 ^
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F ig u re  4*B shows a  2 -.sym m etric a r r a n ^ m e n t  w hich h a s  2 lo o p s  and no c o u n te r ­
p a r t  am ongst th e  4 - sym m etric  to u rs*  The se a rc h  f o r  sym m etric to u r s  was 
pj?ogrammed p a r t i c u l a r l y  e f f i c i e n t l y  by m aking u se  o f  th e  * skew-symmetry*
( i . e *  th e  'e q u a l i ty *  i n  th e  sense  o f 4*5 o f  th e  f i r s t  and second  s t r i n g s  
t p  th e  t h i r d  and f o u r th  s t r i n g s )  in l ie re n t  i n  them* A t e s t  ?ras made a f t e r  
1 8 /moves to  see  i f  any  sq u a re  w a sp re se n t ? fith  i t s  sk e w -im a ^  ( i n  th e  c e n tre
I
o f  th e  b o a rd ) ; i f  so. ,^ th e  s t r i n g  found  was r e j e c t e d  and th e  l e v e l  c o u n te r
I
re d u c e d  b y  1 ; i f  n o t ,  a  com plete  sym m etric to u r  c o u ld  be form ed by cons­
t r u c t i n g  a  second  h a l f - t o u r  o f  skew -im ages o f  th e  sq u a re s  a l r e a d y  used*
The asym m etric  b o a rd -n u m b erin g  o f  F ig u re  2*5 made t h i s  e a sy  to  p rogram , 
a  r o u ^  t r a n s l a t i o n  o f  th e  TJCA3 a c t u a l l y  em ployed b e in g : -  
f o r  i :  =. 2 s t e p  1 u n t i l  55 ^  b e g in  
i f  b o a rd  ( i ) -  0 o r  boai'd  ( i )  1$ th e n  go to  I  e l s e
. i f  b o a rd  ( 3 7 - i )  ^  0 th e n  go to  u p tr e e  e l s e  b o a rd  ( 3 7 - i )  : -  184-
. b o a rd ( i )
I :  ;
e n d ;
p r i n t r o u t e  ( b o a r d ) ; ,  etc©
I t  was fo u n d  t h a t  th e  t o t a l  number o f  2-s;jrm m etric Type I I  t o u r s  was 68 , 
and  th e  number o f  4 - sym m etric  to u r s  was 10.
1 0 3
3^'
Pi gare  4 .8  2-Loop 2>-S:/nimetz'lc Tour w ith  Isom orph
: 4 .4  R e s u l ts  A p p e r ta in in g  to  O th e r T re e -S e a rc h  Methods Back a t  th e
b e g ln n in g  o f  4*2 we th e  c o r n e r - to - c o r n e r  t r e e - s e a r e h  w ith
m a tc h in g  "because th e  s iz e  o f  th e  m a tch in g  (an d  fo rm a tio n  o f  r e f l e c t e d  
s t r i n g s )  a p p e a re d  to o  g re a to  I t  i s  p e rh ap s  v /orthw M le to  show how th e s e  
c o r n e r - to - c o r n e r  s t r i n g  a re  d i s t r i b u t e d  a c c o rd in g  to  l e n g th ,  (T ab le  4 .2 ) 
. so  t h a t  an  id e a  o f  th e  m m ber o f  co m b in a tio n s o f  4 - s t r i n g s  whose le n g th s  
t o t a l  36 moves may be form ed^ t i i i s  e x p o s i t io n  v/as d e fe r r e d  p e n d in g  th e
p ro o f  o f  Lemma 4*2,
The number o f  h a l f - t o u r s  co u ld  e a s i l y  be fo u n d , a ls o  by a  sim ple  
a d ju s tm e n t to  th e  o r d in a r y  ^ n e r a t i o n  5 t r e e - s e a r c h  r o u t in e  c a l l i n g  o n ly  
f o r  c u r ta i lm e n t  a f t e r  18 moves r a t h e r  th a n  $5 moves® A t r i a l  ru n  showed, 
t h a t  th e  f re q u e n c y  o f  h a l f - t o u r s  (u n l ik e  t h a t  o f  G - s tr in g s )  was g r e a te r  
th a n  w hole t o u r s ,  so t h a t  th e  o v e r a l l  sa v in g  o f  tim e  on th e  t r e e - s e a r c h
phase  was u n l ik e l y  to  be much b e t t e r  th a n  25^» The re m a in in g  5 m in u tes
o r  so o f  m achine tim e ( s e e  5*9) would h a rd ly  be a d eq u a te  to  i n v e r t  and
m atch i n  e x c e ss  o f  10 ,000  h a l f - t o u r s ,  and we co nclude  t h a t  t r e e - s e g n e n t -  
a t i o n  o f  t h i s  ty p e  does n o t compare f a v o u ra b ly  w ith  a  s t r a i ^ t f o r w a r d
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t r e s - s e a r c h  t h r o u ^  4n ^ ( f o r  a  2n x 2n board.) s t r a t i f i c a t i o n  l e v e l s .
A tft-j c*-C^ rvt C. -SfccCiVgS C-strL'n.Cjî
Mv«.VvvL Cf* Lc.vsCjtUi,
1 0 2 0
3 2 4 0
5 3 6 13
7 4 0 8 4 4
9 120 10 1 0 7
11 156 12 188
13 4T 4 14 2 8 9
C14 1G 383
17 516 t? 380
19 324 10 213
11 220 12 46
Z3 140 2.4 1
15 GO 10 0
17 12 23 0
19 0 30 0
31 0 32 0
33 0 34 0
35 0 30 0 .......
T ab le  4 .2  V a r ia t io n  o f  F requency  o f  G - s tr in g s  w ith  L eng th
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4 .5  T im e - S e g n e n ta t lo n o f t l ie  j- ia -L e v a l Lookahead I n  2 ,6 ,1 ,  and 3 .9  
we in tro d u c e d  th e  id e a  o f  t im e -s e g n e n ta t io n  o f  th e  t r e e - s e a r c h ,  and 
b r i e f l y  d is c u s s e d  th e  amount o f  in te rm e d ia te  s to ra g e  t h a t  m i ^ t  be 
n eed ed . We now probe t h i s  app roach  i n  more d e t a i l ,  p a r t i c u l a r l y  w ith  
r e f e r e n c e  to  th e  im p le m e n ta tio n  e f f e c te d  by th e  a u th o r  u s in g  th e  COTAIi 
o n - l in e  system  i n  c o n ju n c tio n  w ith  th e  Egdon o p e r a t in g  sy s tem . The 
program  w as, i n  e s s e n c e , a  m o d ified  ^ n e r a t i o n  3 p rogram , dev e lo p ed  
i t s e l f  u s in g  th e  o n - l in e  f a c i l i t y ,  and i s  in c lu d e d  i n  Appendix 1*
4*5*1 The COTAH 2 O n-Line System  COTAd 2 i s  a  m u l t i - a c c e s s  o n - l in e  
system  f o r  a  KDF9 com puter co n n ec ted  to  a  sm a ll PDFS m achine w hich a c t s  
a s  a  m u lt ip le x o r  f o r  a  number o f t e l e ty p e  t e r m in a l s .  The system  p ro v id e s  
th e  u s e r  wi.th a  s e t  o f  commands which e n ab le  him to  m a n ip u la te  and e d i t  
f i l e s ,  and i n i t i a t e  s ta n d a rd  Egdon jo b s  i n  th e  rem ote  ( s h o r t  r u n s ,  higb- 
p r i o r i t y )  o r  bade ground ( lo n g  r u n s ,  s ta n d a rd  p r i o r i t y )  s tre a m s . F a c i l i t i e s  
a ls o  e x i s t  w i th in  th e  Egdon system  f o r  w r i t i n g  a r e a s  o f  co re  to  th e  on­
l i n e  f i l e  s e c t io n  o f  th e  d i s c .
Program s and d a ta  f o r  th e  o n - l in e  system  a re  s to r e d  p e rm an en tly  
on th e  d i s c ,  and th e  u s e r  may amend, com pile  and ru n  any  o f h i s  program  
f i l e s  by means o f th e  commands a t  h i s  d i s p o s a l .  A f i l e  c o n s i s t s  o f  
two c o n se c u tiv e  b lo c k s  i n  th e  b lo ck  s u b s t i t u t i o n  a r e a  o f  th e  d i s c ,  th e  
f i r s t  o f  w hich c o n ta in s  system  h o u se k ee p in g  in f o rm a t io n ,  and th e  second
b e in g  th e  u s e r 's  d a ta :  t h i s  may be a c c e sse d  by u s in g  th e  a p p ro p r ia te
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command t o o t h e r  w ith  th e  block-nam e and 'k e y ' o f  th e  f i l e  .an d  f a c i l i t i e s  
s i m i l a r l y  e x i s t  f o r  p r e s e r v in g  a l t e r e d  f i l e s  and d e l e t i n g  unw anted 
o n e s , hoarding o f  a  new f i l e  may be done e i t h e r  by d i r e c t  in p u t  a t  
jthe  t e l e t y p e  co n so le  o r  ( u s e f u l  f o r  la rg e  progprams) by  su p p ly in g  th e  
two b lo c k s  on  c a rd s  f o r  a  d i s c  u p d a te  run® Once th e  f i l e  on th e  d is c  
i s  lo a d e d , i t  can  be a l t e r e d  o r  m ere ly  e x e c u te d  a s  a  program  ( a f t e r  dev­
e lopm en t) a s  o f t e n  a s  r e q u i r e d ,
/
4*5o2® M o d if ic a tio n s  to  G e n e ra tio n  5 Pro.graras The u n d e r ly in g  s t r a t e g y  
u se d  i n  th e  t im e -s e g m e n ta tio n  program  was to  s p l i t  th e  t r e e - s e a r c h  in to  
a  number o f  n e c e s s a r i l y  e q u a l)  bi& ia-sll© ^a o f  w hich would
be c o m p a tib le  w ith  p rog r’am t im e - l im i t s  im posed by th e  o p e r a t in g  r e q u i r e ­
m ents o f  th e  i n s t a l l a t i o n .  F o r a  6 x 6 b o a rd , t h i s  se g m e n ta tio n  v/as 
a r t i f i c i a l  s in c e  th e  e n t i r e  t r e e - s e a r c h  co u ld  be com pleted  w i th in  th e  
s p e c i f i e d  t im e , b u t  th e  program  n e v e r th e le s s  showed th e  f e a s i b i l i t y  o f 
e x te n d in g  th e  m ethod to  an  8 x  8 board® I n i t i a l l y ,  d a ta  were r e a d  i n  
a s  f o r  an  o r d in a r y  r u n ,  b u t  a f t e r  th e  tim e e la p s e d  had  approached  a  p re ­
s e t  t im e - l im i t  to  ? i t h i n  a  s p e c i f i c  t o l e r a n c e ,  a l l  in te r m e d ia te  in fo rm ­
a t i o n ,  i , e ,  c o n n e c tio n  m a tr ix  s ta c k ,  s o lu t io n  v e c to r s ,  b ran ch  c o u n te r s ,  
was w r i t t e n  i n to  an  o n - l in e  d i s c _ f i l e ' e s p e c i a l l y  c r e a te d  f o r  th e  purpose®
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O th e r In fo rm a tio n  to  be re ta i .n e d  i n  a  s e p a ra te  f i l e  were th e  k n i ^ i t i g  
to u r s  and ru n - t im e  ru n n rn g  t o t a l s  so t h a t  th e s e  co u n ts  cou ld  be r e -
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i n i t i a t e d  on re su m p tio n  o f  th e  tre e -se a rc h ®  I n  o rd e r  to  r e s t a r t  
a f t e r  ' f r e e z e ' ,  one i te m  i n  th e  DATA s e c t io n  o f  th e  program  f i l e  
( th e  v a lu e  o f  th e  v a r i a b le  MODS) had to  be a l t e r e d ,  u s in g  a  s u i t a b l e  
o n - l in e  command, b e fo re  i n j e c t i n g  th e  job  once more i n t o  th e  back­
ground  s tree jîij t h i s  change izaused th e  a c t io n  o f  th e  program  to  be 
to  o b t a in  i t s  d a ta  from  th e  two d i s c - f i l e s  r a t h e r  th a n  from  th e  DATA 
s e c t i o n ,  a f t e r  vdiich i t  c o n tin u e d  w ith  th e  t r e e - s e a r c h  a t  th e  p o in t  
I ( i n  tim e) o f  ' f r e e z e '*  The tim e -c h e ck  was c a r r i e d  o u t j u s t  a f t e r  
p r i n t i n g  each  s o lu t io n  to  s ta n d a rd is e  th e  p ro ce d u re  o f  re su m p tio n  
by e n su ii .n g  t h a t  th e  l e v e l  i n  th e  t r e e - s e a r c h  would a lw ays be $6 on 
such a n  o c c a s io n . T im e-ch eck in g  was a g a in  u se d  i n  th e  c o n t in u a t io n  
segne-nt to  d e te rm in e  w h e th er th e  (new) in te rm e d ia te  d a ta  would need  
w r i t i n g  bade to  d i s c  b e fo re  a n o th e r  ' f r e e z e ' .  I f  s o ,  a n o th e r  c o n tin u a t io n  
s e g n e n t c o u ld  l a t e r  c a r r y  on th e  t r e e - s e a r c h ;  o th e rw ise  th e  t r e e - s e a r c h  
was te rm in a te d  i n  th e  o rd in a r y  way a f t e r  w hich th e  norm al e n d -o f - jo b  
c o n d i t io n  o f  a  s ta n d a rd  g e n e ra t io n  3 program  e n su ed . Any number o f 
c o n t in u a t io n  s e g n e n ts  im .^ it be needed , b u t o n ly  th e  f i r s t  one n e c e s s ­
i t a t e d  c h an g in g  MODE; F ig u re  A ,8 shows how t im e - s e g n e n ta t io n  r e q u i r e s  
two m odes: ( i )  i n i t i a l ,  where d a ta  i s  s to re d  i n  th e  program  f i l e ,  and
( i i )  c o n t in u a t io n  ( in c lu d in g  t e r m in a l ) , where d a ta  i s  s to r e d  i n  a n o th e r  
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F ig u re  4 .8  T re e -S e a ro h  T im e-S egm en ta tion
The pu rpose  o f  MODE h a v in g  been  d e s c r ib e d ,  th e  n ex t new v a r ia b le  to  be 
in tro d u c e d  i s  RlJîHüh w hich i s  th e  r u n n in g - to t a l  o f th e  program  lu n -tim e *
T h is  was sav ed  betw een  s e g n e n ts ,  and on re su m p tio n  was added to  th e
c u r r e n t  se g n en t ru n - t im e  to  g ive  th e  't im e  so fa r*  p r in te d  ou t w ith  
each  k n ig b -t’ s t o u r ,  When a  c o n t in u a t io n  se g n en t t r e e - s e a r c h  was h a l t e d
p r i o r  to  w r i t in g  in fo rm a tio n  to  a  d i s c - f i l e ,  th e  v a lu e  o f  RUERM was
u p d a te d  by a d d in g  to  i t s  c u r r e n t  v a lu e  th e  t o t a l  ru n - tim e  f o r  th e
p re s e n t  segnent® F i n a l l y ,  TIMELT i s  th e  e la p s e d - t im e  t im e - l im i t  which
i s  a ls o  s u p p lie d  t o  th e  system  th r o u # i  a  COTM command a t  ru n - t im e ;
th e  program  must conform  to  t h i s  t im e - l im i t  and w r i te  d a ta  to  d is c
b e fo re  th e  system  th row s i t  o f f  -  hence th e  need f o r  th e  program  to
have a  copy o f  th e  t im e - l i m i t .
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KTTOT, RUMIOT, and MODE a re  a l l  p u b lic  v a r i a b le s  s in c e  o th e r  PORTRAE 
ro u t in e S tu s e  them ; TIMELT was d e c la re d  a s  a  common v a r ia b le  so t h a t  
i t  sh o u ld  be a c c e s s ib le  to  th e  t r e e - s e a r c h  r o u t in e  P2 v i a  ^ - a d d re s s e s .
M inor im provem ents i n  th e  c o d in g  o f  P2 a re  d i s c e r n i b l e ,  b u t th e  
c h ie f  a l t e r a t i o n  was i n  th e  la y o u t  o f th e  a r r a y s  ORGD, BOARD, XD,
KEEPP, and J J ,  ORGD was o m itte d  c o m p le te ly , and a  s u i t a b l y  a d ju s te d  
i n i t i a l  c o n n e c tio n  m a tr ix  re a d  d i r e c t l y  i n t o  l e v e l  1 o f  th e  XD s ta c k .
I n s te a d  o f kaapim g XD i n  Y iW tœ # #  imd »TJ i n  to r e s  ;. j j ,  XD, BOARD 
and KEEPP were a l l  d e c la re d  a s  common a r r a y s  so t h a t  th e y  would occupy 
' a,u30)itilnuous s e r i e s  o f b lo c k s  o f  Z - s to r e s  and m i ^ t  th e r e f o r e  be t r a n s f e r r e d  
to  and from  d i s c  i n  a  s in g le  t r a n s f e r *  At * f r e e z e ',  th e  r e p o s i t o r i e s  
f o r  v a r io u s  q u a n t i t i e s  were ag.,fpl.]£y-s-;-
A rray s J J ,  XD, BOARD, KEEPP i n  P i l e  DATA02/DS
V a r ia b le s  KTTOT, RITERÜE i n  P i l e  DATAO3/DS
The f a c t  t h a t  TIIvELT was n o t p re s e rv e d  betw een segm ents means 
t h a t  a  v a r ia b le  t im e - l im i t  c o u ld  be ap p lied *
The new r o u t in e  P3 c o n ta in s  th e  re a d  f ro m /w rite  to  d i s c - f i l e  
i n s t r u c t i o n s .  The job  * opens* th e  o n - l in e  f i l e  by  .m alting an  e x i t  to
th e  D ir e c to r  program  ( OUT I 30 ) which r e t u r n s  to  th e  program  th e  s iz e
o f  th e  f i l e  and th e  a d d re s s  o f  i t s  f i r s t  s e c to r .
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The r o u t in e  th e n  s e t s  up t r a n s f e r s  in  40-word s e c to r s  ( to  a v o id  w a tch in g  
f o r  th e  end o f  a  t r a c k )  and l e t s  D ir e c to r  i n i t i a t e  th e s e  t r a n s f e r s .  The 
m ajn ( d i r e c t )  e n t r y  i s  f o r  r e a d in g  from DATA02/D3 and DATAO3/DS in to  c o re :  
th e  s id e  e n t r y  i s  f o r  w r i t in g  from co re  o u t to  t h e .d i s c - f i l e s ,
The i n t e r f a c e  betw een P2 and P3 i s  o rg a n is e d  as shown in  F ig u re  4*9* 
E o t j  t h a t  P3 i s  a lw ays s id e - e n te r e d  from  F 2 : r e a d in g  in to  c o re  from  d i s c  i s
o n ly  i n i t i a t e d  by m ain r o u t in e  w hich e x p la in s  th e  FORTRAN en try -nam e RS3DME
/
o f  P 3 ; n o te  a l s o  t h a t  P2 i s  a lw ays s id e - e n te r e d  from P3 : th e  m ain e n try
to  P2 i s  o n ly  u sed  in  an i n i t i a l  segm ent when P1 c a l l s  P 2 ,
In  th e  e v e n t o f  o n ly  one segm ent b e in g  n e c e s s a r y ,  te rm in a t io n  i s  v ia  
P1 and main r o u t in e  w hich c a l l s  EXIT in  th e  norm al f a s h io n .  T e rm in a tio n  o f 
a  c o n t in u a t io n  segm ent i s  o r d i n a r i l y  by OUT 100 in  P3 (norm al UCA3 e n d -o f -  
jo b  command), b u t  i f  th e  c o n t in u a t io n  segm ent i n  q u e s t io n  happens to  be th e  
f i n a l  o n e , r e t u r n  i s  made from  P2 to  P3 and th en ce  to  m ain r o u t in e  f o r  
l i b r a r y  s u b ro u t in e  EXIT to  te rm in a te  th e  jo b .
In  view  o f  th e  c o m p a ra tiv e ly  slow  o u tp u t r o u t in e  PRTNKT, i t  was though t 
t h a t  b e t t e r  r e s u l t s  m igh t be o b ta in e d  by in c o r p o r a t in g  th e  p e r ip h e r a l  t r a n s ­
f e r  i n s t r u c t i o n s  e x p l i c i t l y  w ith in  P 2 . The r e s u l t i n g  b lo c k  o f  co d in g  was 
some 30 4 8 - b i t  words lo n g  (due to  p ro d u c in g  o u tp u t in  fo rm a t)  and was sub­
s t i t u t e d  in  p la c e  o f  th e  JSF1 i n s t r u c t i o n .
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Two 24“Word a re a s  o f  W -s to res  were u sed  f o r  th e  d c u h lo .-b u ffe re d  o u tp u t ,  
and 36 Y A -sto res  f o r  in te rm e d ia te  s to ra g e  o f  th e  e lem en ts  o f  BOARD 
a f t e r  c o n v e rs io n  to  c h a r a c te r  fo rm . The u se  o f  d o u b le -b u f fe re d  o u tp u t  
p ro d u ces sp eed s  o f  p r i n t i n g  i n  e x c e ss  o f  5 k n i g h t 's  t o u r s  p e r  second .
I n  t h i s  c h a p te r ,  we have d is c u s s e d  th e  u se  o f  m o d if ie d  and e x te n d ­
ed v e r s io n s  o f  th e  b a s ic  3 ^ 1 -^ n e r a t i o n .  t r e e - s e a r c h i n g  program  f o r  a s s ­
e s s in g  some o f  th e  o th e r  t r e e - s e a r c h  m ethods o f  C h ap te r 2 and a ls o  how 
th e  t r e e - s e a r c h  w ith  o n e - le v e l  lookahead  may be 'f ro z e n *  to  p e rm it t im e -  
s e g n e n ta t io n  and hence malce s e a rc h e s  too  la r g e  f o r  a  s in g le  ru n  a  v ia b le  
p r o p o s i t io n .  The m ajo r to p ic  o f  th e  c h a p te r  was th e  a p p l i c a t io n  o f  th e  
k n i ^ t *  s to u r  e n u m era to r to  a  n o v e l c l a s s i f i c a t i o n  o f  th e  s e t  o f t o u r s ;  
a  number o f  r e s u l t s  ab o u t th e  symmetry o f  to u r s  i n  c o n n e c tio n  w ith  t h i s  
c l a s s i f i c a t i o n  were p ro v ed .
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CHAPTER 5 
C o n c lu s io n
5 .1  A p p ra is a l  o f  M ethods I n  a  number o f  i n s t a n c e s ,  th e  m ethods
d e s c r ib e d  i n  C h ap te r 2 were judged  on t h e i r  m e r i ts  a t  th e  t im e , w h ile  
e v a lu a t io n  o f  o th e r  te c h n iq u e s  r e c e iv e d  m en tio n  i n  C h ap te rs  3 and 4*
Our p u rp o se  i n  th e  p re s e n t  s e c t io n  i s  to  c o r r e l a t e  a l l  th e  p re v io u s
f in d in g s ,  and t r y  to  conclude from  them th e  b e s t  avenues i n to  which
f u tu r e  r e s e a r c h  m i ^ t  be d i r e c te d .
The o n e - le v e l  lookahead  t r e e - s e a r c h  p ro ced u re  d ev e lo p ed  i n  C h ap te r 
5 i s  c l e a r l y  a t  th e  l im i t  o f  i t s  a p p l i c a b i l i t y  w ith  a  6 x  6 b o a rd  and
even  th e  t im e -s e g m e n ta tio n  o f C h ap te r 4 i s  r e a l l y  o n ly  a v o id in g  th e  i s s u e s
f o r  an  8 X 8 b o a rd  an  e x h a u s tiv e  t r e e - s e a r c h  i s  im p ra c t ic a b le  u n le s s
b e t t e r  p ru n in g  c r i t e r i a  a re  to  hand . The s iz e  o f  th e  s o lu t io n  s e t  f o r
th e  6 x 6  b o a rd  makes th e  d is c o v e ry  o f p r o p e r t i e s  o f to u r s  w hich m i ^ t
be u se d  a s  c r i t e r i a  ( s in e  qua non) a  d i f f i c u l t  one . The symmetry p r o p e r t i e s
d is c u s s e d  i n  4*5 u s  a  c l a s s i f i c a t i o n  o f a  k in d ,  b u t t h i s  does no t
redeem  th e  m ethod o f  2 ,5  from  th e  e x tre m e ly  u n w ie ld ly  mat cluing p rob lem ,
and th e  m a tch in g  o f  h a l f - t o u r s  does n o t i n s p i r e  much optim ism  i n  t h i s  a s
a  v ia b le  m ethod e i t h e r .  Dynamic program m ing s u f f e r s  from  th e  la c k  o f  a
d e te r m in i s t i c  w e i ^ t i n g  f u n c t io n  to  r e s o lv e  th e  o p tim a l p o l ic y  problem  (2 i'9 )
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and p r o v i s io n  o f  such a  f u n c t io n  would seem to  im p ly  a g a in  a  g r e a te r  
■ u n d e rs ta n d in g  o f  k n i ^ t ' s  to u rs*  p ro p e rtie s®  T h is  g e n e ra l  d e a r th  o f 
I p r o p e r t i e s  i s  th e  o b s ta c le  w hich m ust be surm ounted b e fo re  any o f  th e  
I above te c h n iq u e s  can  be c o n s id e re d  a p p l ic a b le  o th e r  th a n  to  r e s t r i c t e d  
p ro b lem s. O th e r q u e s t io n s  w hich a re  a ls o  r e l e v a n t  h e re  a re : ,  does th e
p re se n c e  o f  k n ig h t  * s to u r s  on a  b o a rd  o f d im en sio n s 2n z  2n im p ly  to u r s
/
on b o a rd s  2 ( n 4 - i )  x  (2nd- j )  , v/here i ,  j  a re  p o s i t i v e  i n t e ^ r s  ? And does 
t h e r e  i n  f a c t  e x i s t  some fo rm u la  whence th e  number o f  to u r s  on a  bear’d 
’ o f  g iv e n  d im e n sio n s  may be c a lc u la te d  ?
Two m ethods,, how ever, have been  d e s c r ib e d  Y/hich r e q u i r e  l i t t l e  
o r  no f u r t h e r  knoY /led^  o f  t o u r s ,  and whi.ch m igjit p rove  re a s o n a b ly  su cc ­
e s s f u l ;  th e  m ethods o f  h e u r i s t i c  t r a n s fo rm a tio n s  and ed g e -rem o v a l,
T-
5 .2  F u tu re  Developm ent o f  T echn iques The m ethod o f  2®6 v/as o n ly  
im p lem en ted  f o r  one r e v e r s a l- f in d n ln g  r u le  -  i n  f a c t  a  p a r t i c u l a r l y  
s im p le  o n e . T here  a re  o b v io u s p o s s i b i l i t i e s  f o r  e x te n s io n s  d i r e c te d  
to w a rd s  e sc a p e  from  c y c l ic  s i t u a t i o n s  (w hich  would p resum ab ly  n e c e s s i t a t e  
l a r g e r  'm em ories* th e n  th e  f o u r - to u r  FIFO s t o r e  ex p erim en ted  w ith ) by 
m a in ta in in g  a  l i s t  o f  o c c u rre n c e s  o f  c h o ic e s  o f  t r a n s f o r m a t io n s ,  V/e 
may su rm ise  n a iv e ly  t h a t  i f  a  c y c le  o f  to u r s  i s  fo u n d , new to u r s  may 
be ^ n e r a t e d  by  r e t u r n i n g  to  th e  l a s t  t o u r  f o r  w hich a  ch o ice  o f  t r a n s ­
fo rm a t io n s  e x i s t e d  (o b ta in e d  from  th e  l i s t )  and m aking  a  d i f f e r e n t  cho ice ,
. 117
F ig u re  5 .1  C ycles o f  H e u r is t ic  T ra n s fo rm a tio n s
F ig u re  5 .1  shows a  ch o ice  b e in g  made a t  A and a  c y c le  o f to u r s  
on n o t in g  th e  c y c le ,  th e  cho ice  l i s t  i s  in v o k e d , and th e  
r i ^ i t - h a n d  b ran ch  from  A i s  t r i e d  (A i s  now rem oved from  th e  l i s t  a s  
a l l  p a th s  from  i t  have been  t e s t e d ) .  T h is  to o  le a d s  to  a  cy c le  D— 
so th e  ch o ice  l i s t  m ust be c o n su lte d  a g a in  to  f i n d  th e  ch o ice  t h a t  
o c c u rre d  b e fo re  A ( i . e .  h ig h e r  up th e  t r e e ) .
D i f f e r e n t  ways o f  in d e x in g  e lem en ts  o f  a  t o u r  i n e v i t a b l y  b a s i c a l l y  
change th e  t r a n s fo rm a t io n ,  and th e  s t r a ta g e m  o f  2 .6  o f  c h o o s in g  th e  
' l e a s t  s ig n i f ic a n t*  t r a n s fo rm a tio n  i s  o n ly  one o f a  g re a t  number o f  
a l t e r n a t i v e s ;  f o r  in s t a n c e ,  one m i ^ t  d e te rm in e  to  s e l e c t  th e  s h o r t e s t  
t r a n s fo rm a tio n  ( i n  th e  sen se  o f  t r a n s fo rm in g  th e  s h o r t e s t  s t r i n g  o f  
k n i ^ t ' s  to u r  e lem en ts)  y /hatever p o s i t io n  i n  th e  to u r  i t  occupied® 
Ffek^ÛLly, a s  we p o in te d  o u t ,  th e r e  i s  n o th in g  to  p re v e n t th e  i n c lu s io n
o f  th j .rd  « and even  h i ^ e r - o r d e r  rev e rsa ls®
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The ed g e-rem o v a l m ethod o f  2*7 i s  c l e a r l y  w o rth y  o f  f u r t h e r  i n ­
v e s t i g a t i o n  s in c e  i t  d r a s t i c a l l y  re d u c e s  t r e e - s e a r 'c h in g .  The c h ie f  
d i f f i c u l t y  to  he overcome i s  t h a t  o f  o r g a n is in g  th e  v e ry  complex h ouse­
k e e p in g  a t ta c h e d  to  a  m ethod where one move g e n e ra te s  trem endous a l t ­
e r a t i o n s  to  th e  c o n n e c tio n  m a tr ix  a s  w e ll  a s  e x te n d in g  th e  c h a in s  o f
i
fo r c e d  m oves. A f e a s i b l e  ap p ro ach  m ight u se  th e  same b a s ic  t r e e -  
s e a r c h in g  a lg o r i th m  and em ploy th e  b o o le a n  c o n n e c tio n  m a tr ix  s ta c k  
i n  b i t - f o r m  d e s c r ib e d  i n  $ .7 ,  I t  i s  c l e a r ,  how ever, t h a t ,  s in c e  
a t  any tim e we ^vlsh to  know n o t o n ly  i f  an  edge i s  p r e s e n t  o r  n o t b u t 
a ls o  i f  th e  c o rre sp o n d in g  move i s  f o r c e d ,  a  p u re ly  b in a ry  r e p r e s e n ta t io n  
o f  th e  m a tr ix  i s  a n  u n s a t i s f a c to r y  in fo rm a tio n  s to ra g e  medium; a  
s o lu t io n  to  t h i s  prob lem  would be to  m a in ta in  two s t a c k s ,  one e x a c t ly  
a s  i n  3 *1 9  and th e  o th e r  c o n ta in in g  m ere ly  d e t a i l s  o f  th e  c h a in s  o f  
fo rc e d  m oves. I t  would be n e c e s s a ry  to  s to r e  f o r  each  sq.uare i n  a 
c h a in  i t s  two n e i ^ b o u r s  i n  th e  c h a in ;  a .s q u a re  a t  th e  end o f  a
c h a in  would have one n e i ^ b o u r  o n ly  -  th e  sp ace  th u s  l e f t  m i ^ t  
be u se d  f o r  a  m arker ( - 1 ,  say) s in c e  e n d -o f - c h a in  sq u a re s  sh o u ld  be
q u i.ck ly  d e te c ta b le  to  a id  jo in in g  two c h a in s . Thus th e  c h a in  o f  sq u a re s
2 3 i  3 ^ 9  28 m i ^ t  be s to r e d  a s  s
r o w  23 - 1 , 36
row 28 - 1 ,  36
row 36 2 3 ,  28
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By k e e p in g  a dynam ic s ta c k  o f  th e s e  c h a in  r e c o r d s ,  we r e t a i n  th e  
a d v an tag e  o f  t h i s  te c h n iq u e  o f  b e in g  a b le  to  * d isc a rd *  a  l e v e l  o f  th e  
s ta c k  i f  a t  any tim e  à  move i s  r e j e c t e d ,  l a t e r  o v e rw r i t in g  i t  a s  o c c a s io n  
demands* The d e p th  o f  th e  s ta c k  n e c e s s a ry  i s  a  m a t te r  f o r  some c o n je c tu r e ,  
b u t  t h i s  co u ld  be d e te rm in e d  by e x p e rim e n t; 10 l e v e l s  would p ro b a b ly  
be am ple. V/hen a  move i s  made, c ro s s - r e f e r e n c e s  must be made betw een
th e  t w o  s ta c k s  to  e f f e c t  th e  consequen t u p d a tin g o  The ty p e  o f c ro s s -
/I
r e f e r e n c e  in v o lv e d  would c o n s is t  o f  rem o'ving ed g es i n  th e  c u r r e n t  conn­
e c t io n  m a tr ix  (o n  s ta c k  A, say) and c h ec k in g  to  see  i f  any v e r te x  had 
new ly become d o u b ly -c o n n e c te d ; th e  two sq u a re s  jo in e d  to  t h i s  v e r te x  
w ould th e n  be r e f e r e n c e d  i n  s ta c k  B ( th e  c h a in  l i s t s )  *s to p  c e l l  to  
d e te rm in e  i f  e i t h e r  ( o r  bo th ) were a t  th e  end o f an  e x i s t i n g  c h a in . I f  
s o ,  s ta c k  B would have to  be u p d a te d  to  in c lu d e  a  new member o f  th #  
and  s ta c k  A a l t e r e d  to  a llo w  f o r  ed g e-rem o v a ls  a t  th e  jo in  o f  th e  two 
c h a in s  a s  shown d ia g ra m m a tic a lly  i n  Figur-e p .2 ,
\ /  \ /  A  ^  ^ ^$ —■ g) I■ i <0 " ' O 0 — — 'S ' ' © - o — o — — — —o
I cotwposi-te, cVuairi-
cUo-byi, | /  cKo.tvi-
C% C1 Ü&' A rev%^ ovaoL,
( a )  (b )
F ig u re  5o2 C oa lescence  o f  C hains
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The d i f f i c u l t y  o f  o r d e r in g  th e  m ain tenance  o f  th e  s ta c k s  m ight 
b e s t  be r e s o lv e d  by m ailing d is ta n c e  (from  th e  mode ju s t  moved to )  th e  
d e te rm in in g  f a c t o r ,  m a tr ix  e n t r i e s  f o r  th e  n e a r e s t  nodes b e in g  c a r r i e d  
o u t f i r s t ,  c h a in  u p d a te s  f o r  th e s e  nodes folloT-ving, th e n  co n seq u en t 
e d g e-rem o v a ls  f o r  nodes 2 edges d i s t a n t  from  th e  m ove-node, th e n  more 
c h a i n - c o n e a t e ^  and so on u n t i l  e v e ry  c h a in  sq u a re  ( b a r r i n g  chain - 
ends) i s  d o u b ly -c o n n e c te d  and no d o u b ly -c o n n e c te d  sq u a re  i s  n o t a  chain - 
sq u a re  «
I f  th e  u p d a tin g  p ro c e d u re  p ro d u ces no in c o n s i s t e n c i e s  (su c h  a s  
t r y i n g  to  c h a in  sq u a re s  to  th e  m idd le  o f an  e x i s t i n g  c h a in ) th e n  th e  
move i s  to  be c o n s id e re d  v i a b l e ,  and th e  t r e e - s e a r c h  p ro g re s s e s  to  th e  
n ex t lo w e s t l e v e l ,  o th e rw ise  i t  goes up one le v e l*
Once a  s o lu t io n  had  been  fo u n d , i t  would be n e c e s s a ry  to  e n su re  
t h a t  i t  was a  k n i ^ t *  s t o u r ,  and n o t m ere ly  a  f a c to r *  The a c tu a l  t e s t  
em ployed would depend l a r g e ly  on th e  s to ra g e  fo rm a t o f  th e  s o lu t io n ,  
b u t w ould b a s i c a l l y  r e s t  on e n s u r in g  t h a t  no sq u a re  was u sed  tw ic e  o r  
n o t a t  a l l  i n  th e  s o lu t io n  v e c to r  befo re- p r i n t i n g  i t  out*
121
APPEFBÏX 1
6 program s have been  in c lu d e d  a s  d e s c r ib e d  below . The ALGOL 
program s a re  in te n d e d  to  s p e c i f y  c o m p le te ly , to g e th e r  w ith  th e  d e s c r ip ­
t i o n  o f C h ap te r 3, th e  m etnod u se d  and i t s  developm en t. The FORTRAF/ 
UCA3 program s a re  in c lu d e d  more f o r  com pleteness*  sa k e , a s  in e y  a re  





C O î v F / I D F S T O t J R S
Î T O F R E G Ü R S K T
S E C B E A R C H
1 s t ,  ^ n e r a t i o n (  r e  c u rs iv e }  ALGOL,
2nd, g e n e r a t i o n ( i t e r a t i v e )  ALGOL iT ith  
g ra p liic  o u tp u t,
3 rd , ^ n e r a t i o n ( i t e r a t i v e )  ALGOL- 
w ith  3*”E condensed c o n n e c tio n  m a tr ix  
s ta c k ,
1 s t ,  ^ n e r a t i o n (  r e  c u rs iv e )  FORTRAh/ 
ÏÏCA3,
3 rd , ^ D e r a t io n  FORTRAF/0'CA3. 
T im e-segm ented 3 rd . g e n e ra t io n .
DD1 74aMüükp4h-3ü 100951RST j 
îiâiLia.
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l£XX[k<,dJ=»OtJ],ea golaPâl-m 10iewdeg[racGount,XX[ksd]] = 11iieQ, Kojbc 
G: write textCTO^ lGOTO-^ SQUAREl) ; 
w rlte(70j,f 1 „a) j 
stepcovinb(a) :
newline(7^91)3
s a t a N j
' I
H: 6ü2j : = 1 g$mm.1 "S&118dg, 
t a s ta ,  a:==XX[j^dJ J write t e x t ( 7 0 .J_TEST*sqUAREl} j 
w rlts(70j,f1^a)j
Msiû. Isjjt: =G&jms.1 imWireoconntao. Ifgtorepath[k]=a^ai saliaL3
M li^ccoxm t<34aD(PX M p a ] -1  liljaa




m a l  
g i s s .
h S S jS ,  nevaine(7 0a 1 ) ;
g a W f 3
™ —■ I *
L: newltoe(70;> 1) J 
S M J
N :  s t o r s p a t h L r ^ c c o u n t J : - ü 5 
recco\mt:-recGount«13
w rite  te x t(7 0 l^PRE.SEKTWALUE^ -^ 0 F^<*REGC0UNT^ '^ ISl) J 
v /rite (70^f 1 ^ reccount) j 
newline(70^1)5
w r i t e  t e x t ( 7 0 ^ l T Ï F t E - î î 'S 0 ^ f* P A R ^ D  j  
w r l t e  (  7 G ^  f  2 ^  t l D i e - k l o k i n )  j  
â û £ i  p r o o e d l u z ^  n e x t s t e p j
n Z P ^ c e c lu m  s t e p c o - u n t ( B )  ;  
l5Lt§=SexB3 
M & J k l iHÎLt.E§X
r e c G o u n t  s - re c G o im t- î-1  j  
w r i te  t e x t (  T ü ^H S ^ slS T E P l) j 
w r i t e ( 7 Ü 3  f 1 , r a c c o i m t ) j 
n ew l 3^ e ( 7üÿ' l) ;
w r i t e  textku<>lTIHS-^SO-»EAR>i) J 
w r i t e (7^3 f t i m e  « k lo k in ) j 
m := re G c o u n t" lj
£ û £ l-:--Js iS S Ju a È .ll36£\sji8w d e g [rô c c o u n t;,l]  :«n@ wdeg[m ,l] j 
n e w d e g L r a c G o im t jB j  î = ü j  
£a£3- ; = 'i a Ë £ a i y a i | l . 8 d f l .
I s s l l l  m :-x x [ ig B j;
:=new deg[recoountiim lelga, g a W |
l £ n f  O-theB 'ge w d e K [ r e c g o t m t , mJ : “ n » 1  j  
P;
w r ite  text(705i^TATE*0P*Nm'/DEGl) J
: “  1 Gdawr i t e  ( 70 9 f  ^newdeg [ r sc  c oim t ] ) |
n e w lin e (7 0 s l ) 5
w r ite  textkOalTIME->:-SO-»PAR-qj J  
v ;r ite (7 0 a f2 jt im e ~ k lo k in )  j 
B t  o r e p a th [ rec  e o u n t] ; =B j 
l^treGGount<35.tbe.p. n e x ts te p e lg e ,  
feSEia p r3j i t r o u te ( s to r e p a th )  j 
storapathC r-eccount] : -ü j  
reccQiAnt ;= recco u n t“ 1 j 
Ê û â l
end, o f  procedure s te p c o u n tj  
m a l  BX Q Se£hi£s t i î î i e j  
O E 9_ 3 /ü /^ /o j  
S ET31OUTISET2 3 1FLOATJ
EXXTJ
ÀLÛQïis
E £2aM ü m  p r in tr o u te (A ) J  
2 isL Ü ,lâA Jla iÊ S S £  â ï ï f f i ï A j  
k a s î a  l a t e s s s  Paq;
P •”A[3 5 l J
w r ite  t e x t  ( 70aiKNIGHTS^^TOURLcü) J 
e  c ount : - c  c ount-!-1 j
£fisa  : =oat&p i im £ l l34âo.^
Im&la w r i t s (7 0 J f 5 A [q] ) J 
w r ite  t e x t ( 7 0 a
. ,
w r i t e ( 7 0 ^ f ^ p ) 3 
.n e w lin e (70^^ I) 3
w r i t e  t e x t  (7O£>LTIME '^S0'>'^FAR-^^D 3 
w r l  t e  ( 70 ^  f  2 ^  13aie - k l  o k ln  ) 3
o f  p ro c e d u re  p r i n t  r o u te  3 
pjGmine.nji t h i s  p rogram  pz’l n t s  o u t a l l  th e  k n ig h t s  to u r s  on a  6x 6 
c h e s sb o a rd s  The r e c u r s iv e  t r e e - s e a r c h  i s  l i b e r a l l y  s p r in k le d  w it: 
tim e « ch eck s  t o  f u r n i s h  some id e a  o f  th e  r e l a t i v e  tim e s  s p e n t  on 
d i f f e r e n t  p a r t s  o f  th e  p rogram ] 
o p e n ( 2 0 ) 3o p e n (7 B )3
write text(70alP*J*W*ST0NElcJj(NI0HT8»^0URS*0N*6»BY*6*B0ARDl3oljJ
£ a ^  ,
WallL origdeg[h”1 j ;-xS“read(20) j 
Btor®path[h“>1 j s-Oj
: -1 gjma.1 KBtjJj(d,QXX [ 1 @ h ] :=read(2ü) j 
£S£i ; =x-}-1 aiS£.1 »aa.l8.doXX [ 1 s h ] : =ü J
,  ,
âXî'ead(2ü)?!999t;V;ÆQ, ÊOfiâM.?
comment., th is  reads In the condensed connection matrix XX and the 
vector containing the degrees of a l l  the squares] 
f  1 ; - f omiat(Ihddi) ]f  :- f ozmat ( ]f2s™format(XnddsddcUdddcccl) ]
klok3_n : -  time ]
^ to re p a th [0 ]  s~reGCoi.mt :~1 ] 
hev;deg[0^ 1 ] :-1 ]
E s z l  : im M lSG ggnewdeg[U^  i ] j= o r ig d e g [i~ 1  ] j 
nevrdegLO;, 12] ;-5] 
ccovint :=0]
s to ra p a th L  rec  coun t] s-XX[ 1^  1 ] ]
basiîL l#.==XXl1g 1 Jfeheja. newdQg[reccount,i] ;=üj
M sia  SXtpiflieQ,
£sj3ti •=iâfeia.ipiÈA.1.8âa 
l£XX[haij-XXCU1]tSiea
h.a.e;ln. newdeg[reocount^ 1 ] :=newdeg[Ogi]-U 
EfiÈPJ^ Ij






w r it e  t e x t ( 70^lT0TAL^«'N0« '^OF^ K^NIGHTS^ '^TOURS'-'EQUALS'^ '^ JJ ] 
w r i t e (70^f I s o c o u n t ) ]
WT w l t e  t e x t ( 7 0 .^[jNCORRECT-'^DATAl) ] 
en d : c l o s e ( 7 0 ) ] c l o s e ( 2 0 ) ] 
t->
Data: -  
2J12J31J ,
4 j 9 j 16^27 | 3 4 ;
8 S7j 9 î I4j19524329J34|36j




4 3 1 4 5 1 6 3 3 1 3 3 6 3
^ 5 2 5 3 5 1 5 5 1 7 5
35125163185
2 | 135171
6 5 l j 4 5 l o ; l 7 5 3 0 3 3 5 |
6 5 7 5 1 1 5 1 8 3 1 9 5 2 7 5 3 1 5
4 3 3 5 4 3 8 3 2 0 3
3 3 9 5 1 6 5 1 9 5
85235383103153203263303
6 5 9 3 1 1 3 1 2 3 2 1 3 2 4 3 2 7 3
4 5 4 3 5 5 . 1 0 3 1 3 3
6 3 3 3 6 3 1 3 5 1 5 5 2 3 3 2 6 5
4 3 1 4 3 1 6 3 2 2 3 2 4 3
3 5 ^ 5 1 7 5 2 3 3
3 3 4 5 2 0 3 2 6 3  
4 3 1 9 3 2 1 3 2 7 3 2 9 3  
6 5 3 3 6 3 1 7 3 2 0 5 2 8 3 3 0 3
4 3 4 3 5 5 3 0 3 3 3 3
6 3 1 6 3 1 9 3 2 2 3 3 1 3 3 2 3 3 4 3
8 5 2 3 5 5 1 3 5 1 7 5 2 3 3 2 8 3 3 3 5 3 5 5
3 5 2 4 3 2 7 3 3 4 3
4 5 3 3 4 5 2 3 5 3 5 5
6 3 1 2 3 1 6 3 2 4 3 2 5 3 3 2 3 3 6 3
6 5 1 3 4 3 8 3 1 3 3 2 6 3 3 3 5
2 5 2 6 3 3 0 3
3 5 2 5 3 2 7 5 3 1 5
4 3 2 3 3 5 2 6 3 2 8 3
4 3 7 3 1 2 3 2 7 3 2 9 3
3 5 3 3 8 3 3 0 5 9 9 9 5 -^
DD 1 74aSüükp4-:-3ü 100951 RS'P->
feâsAn. Aë  ^A i s  3
a ,  dg f  f  1 g fgghgIg  j .ÿkg cooim ta rscoou n t 3
lBÈg.^»£ S-XSkY XX[ 1 ;8 o 1 ; 3 6 J^ sto rep a th g o r lg d eg [O ;3 5 ] {,newdeg[0 : 35  ^
1 ; 3 6 ii,J j [ 1 :3 4 ]g b o a rd [1:36]3  
œ a l k lo k ln  3bo.pAg.aB. a.rm.% l in k  [ 1 s 3 4 ] 3 
£ â a i  sropedum . tim e 3
E B E a 3 /0 /0 /0 3
S ET3 3 OUT3SET23 3 FLOAT 3
Tl
Â I^Q Lô
ESSÆadiüS, p r ln tr o u te (A ) 3
m lu a A  3 l i iM s s x  sxm xA j  
fe ssia . ia £ s .s s x  93 ,
w r it e  t8xt(70i,lKNIGHTS’fT0URiplD 3 
c c ovxi t  ; “ C G oun t  “b 11 
£ a m  :=1 âtepJ Gdo
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Ê.ÏJA3 ,
w r ite  text(70aI:riME-"-S0>PAR*D 3 
w r i t e ( 70a f2p tl3n e~k lok in ) 3
o f  procedure p r in tr o u te j  
Ê.SÜ1ÏDS.BÈ, t h i s  program p r in t s  ou t a l l  th e  k n ig h ts  to u rs  on a 6x6 
chesshoardo The i t e r a t i v e  t r e e  «search  i s  l i b e m l l y  sp r in k le d  
w ith  tim e«ch eck s to  fu r n is h  a com parison betw een t h i s  and a 
r e c u r s iv e  methodo S peed ing  up i s  fu r th e r  e f f e c t e d  by u se  o f  the 
a r r a y  BOARD which d e p ic t s  g r a p h ic a l ly  which squai^a i s  v i s i t e d  or 
w hich move and f a c i l i t a t e s  ch eck in g  w hether a squaz^a has been  
v i s i t e d  b e fo r e ]  
o p en (2 0 ) ] open( 7 0 ) j
w r it e  t e x t ( 7G^ .Ld^ J^-:^ 'W%T0NElcjKNIGHT8 '^ T^0URS%N '^6%Y->:^ 6 :^'B0ARDl3c l j j  
f o X k  : - 1  & & e p .l3 m # L p 6 d g .
M g l& P r lg d e g lh -l J := x;= raad (20) 3 
b o a r d [h ]: -s to r a p a th [h « 1 ] i-O j 
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ï 2 r e a d (20 )/^999 .tMa. gsAüM;
c omment, t h i s  reads in  th e  condensed c o n n e c tio n  m atr ix  XX and the 
v e c to r  c o n ta in in g  th e  d eg rees  o f  a l l  th e  sq u a res]
c l o s e ( 2 0 ) |
f  :« fo n n a t(J jid D  ] f  1 : =3f oziaat ( InddjJ ] f  2 : -fo rm a t ( ^Ijidds ddd o d d d cccjj ] 
k lo k in : - t im e ]
s t o r e p a t h [ o ] : - b o a r d [ l ] s -r e c c o u n t:« 1 ] 
newdeg[O g1 ] : - 1 ] 
: = = 28t^ lp m tia jëd g 'iewdeg [0^,1] :==origdeg[i-1 j ] 
n ew d eg[0p 9j:«5 ]  
c c o u n t : -0 ]  
s to r e p a th  [reoco im t ] :~XX[ 1  ^1 ] ] 
board[X X [ 1^ 1]]  : - 2 ]
: =“ 1 â t § . a i  î m È i l 3  o do .
M s in . 1£1“XX[ 1 JSxea  newdeg [ recooim t^ i  j :~O elae  
feSALa. iO -rlj^ ihe-Q ,
£2231 := 1  a f c m i  « a £ iZ 3 â a .  
lÊXX [hs i  j =xx [ 1 s 1 j iîM a
to eg lrL  n e w d e g [ r e c o o t m t a 1 j : = n e w d e g [ ü g l ] - 1 j
S
new deg[ reccou n ta 1 ] :-newdeg[O  ^  i ]
MM;
s a â î
NXST 2 cl : - s  to r ep a th  [ rec  cou n t j j
£û£.j ; = i£ r e c  count= 1 a ta a i mSâ23û,o,
b a s ia  M yx [ j  gd j püj^g.n^ : =XX l j gd j s i s e .  goJîQjHj
3X  nevjdeg L l’account sa  J «  1 jihea
b S £ ta  i£ .r8cco'unt<34gadXX; [ 1 s a J “ 1 È M a SaÈaH J
£arit ; =“ J-î-1 a iâ p j unMJ=.8da
IHXX [ksd J ” 0.febgn. KPjLQGs3,ae wdeg [ rec o ount g XX [k g d j ] « 1 gfiM '
G: w r ite  t e x t ( 70 s,[J30T0*SQUAREl)j
w r l t e ( 70 s f I s a ) J
1 in k [recc  o u n t] : " f e la g j
g,o,toSTCT ;
H; j J [recGovmt] :-1  J 
I ;  a i « X X [ j l [ r 8C c o \ m t 3s d ] à  
w r ite  text(7ü„j;,TEST«-SQUARED 
w r i t e (7 0 s f I s a ; j  
ü l a j ' - o S j s a   ^ , ,  
b a g i a .  i D ) o a r d . [ a j p ü t h a a , s a & s B â
If,reocou nt< 34gMXX [ 1 s a ] « 1th m i 
b-g.ala. w r ite  t e x t ( 7 0 a lP 0RCED*L00P l) j 
Ê SÈ SE J
l ln k [r e c c o u n t]  : = t ^ ^ ]  
g m to S T C T ]
L; n e w lin e ( 7G j1) ]  
j j [r e c cou n t] j [reccount]-M  j 
I f j j  [r ^ cco u n t]£ 8 th e il g o lq i ]
N : n ew lln e  ( 7 ^^ , 1 ) J 
s t  o repath  [ i^eccount ] s -b  oard [ d ] : -ü  ] 
reccou n t :-raccount**1 j 
w r ite  t e x t ( 7üglTim-^"S0^^PAR^^D ] 
wi’lte(7G £jf2 j,tim e«k lok in ) ]
3^z%c0ount^üth e n  gotoF ]
S TOT: rec co u n t;- r e c  cou n ts-1 j 
w r ite  t e x t (7 0 pLL36sJ s t e p ! )  ] 
w r ite (7 0 ^ f  t^reccovm tj j 
n e w lin e ( 7 ü .1 )]
w r ite  t e x t ( 7ü^lTIî4E->^ 'S0 ^^ PAR':^ D j
w r it e  t e x t ( 7üs.[TIME*80»PAR*l) 3 
w r ite  ( 7 0 g fSstlm e-^k lok ln ) 3 
m î- z " a c c o u n t« 1  ]
£ S £ l : == ] ai® J j  lïCktî-îJ^ Gc’iQgewdes [race ount g 1 ] s «newdeg [m g 13 3
new deg[ recc  oun t  ^  a ] ; - 0 ]
£ o ^  : =: 1 1
hmK&H m := X X [ l^ a j ]
Ifp irG tjie il n s^novvdeg[reccoun t
l £ n f  OtljeBnewdegLraccount^mJ J
P:
w r i t e  text(70i)lSTATS-'''-dF->f‘NEWDEGi) ]
1 fJb e B ,h m tii3 6 â p y /r ite (70^ newdeg [ reccoun t;,m ] ) J 
n e v 7 l l n e ( 7 0 p l )  j
w r i t e  text(70^LTIME':<"SQ^’FAR^-JJ] 
w r i t e (7 0 ^ f 2^ t  jm e « k lo k in ) ]  
s t  o r e p a t h [ r e c c o u n t ] s - a |
*boaz"d[a] :-z ’^ eccount-H 1 ]
i , £ r e c c o u n t < 3 5 t M a
r i n t r out e  (b o a rd )  ] .
81 o r e p a t h [ re c  c o u n t ] ; - b o a r d [ a ] ; - 0 ] 
r e  c c o u n t : - re c  c o u n t « 1j
------- vS
F: d :“ s to r e p a th [recco u n tj j 
3jl] .ln k  [ reo o ount 3 theg, g g j ^  iSafeoN;
E l n e w lln e ( 7 0 g 1)3
w r it e  t e x t  ( 70g XTOTAL--NO o *0P*KN1GHT8*T0UR8 «‘EQUALS^^ -*1) 3 
w r i t e (70  g f 1 g GG ou n t)3 
SajLQ, e n d 3
M: w r ite  text(70g£jNCDRRECT*DATAD3 
c l o s e ( 2 0 ) 3 
end: c l o s e {70)3
«
D a ta : «
2 3 9 3 1 4 3
3 3 1 0 3 1 3 3 1 5 3 ^
4 3 7 3 1 1 3 1 4 3 1 6 3
4 3 8 3 1 2 3 1 5 3 1 7 3
3 3 9 3 1 6 3 1 8 3
2 3 1 0 3 1 7 3
3 3 3 3 1 5 3 2 0 3
4 3 4 3 1 6 3 1 9 3 2 1 3
6 3 1 3 5 3 1 3 3 1 7 3 2 0 3 2 2 3
6 3 2 3 6 3 1 4 3 1 8 3 2 1 3 2 3 3
4 3 3 3 1 5 3 2 2 3 2 4 3
3 3 4 3 1 6 3 2 3 3
4 3 2 3 9 3 2 1 3 2 6 3
6 3 1 3 3 3 1 0 3 2 2 3 2 5 3 2 7 3
8 | 2 3 4 | 7 | 1 1 3 1 9 3 2 3 3 2 6 3 2 8 3
8 3 3 3 5 3 8 3 1 2 3 2 0 3 2 4 3 2 7 3 2 9 3
6 3 4 3 6 3 9 3 2 1 3 2 8 3 3 0 3
4 3 5 3 1 0 3 2 2 3 2 9 3
4 3 8 3 1 5 3 2 7 3 3 2 3
6 3 7 3 9 3 1 6 3 2 8 3 3 1 3 3 3 3
8 3 8 3 1 0 3 1 3 3 1 7 3 2 5 3 2 9 3 3 2 3 3 4 3
8 3 9 3 1 1 3 1 4 3 1 8 3 2 6 3 3 0 3 3 3 3 3 5 3
6 3 1 0 3 1 2 3 1 5 3 2 7 3 3 4 3 3 6 3
4 3 1 1 3 1 6 3 2 8 3 3 5 3
3 3 1 4 3 2 1 3 3 3 3
4 3 1 3 3 1 5 3 2 2 3 3 4 3
6 3 1 4 3 1 6 3 I 9 3 2 3 3 3 I 3 3 5 3
6 3 1 5 3 1 7 3 2 0 3 2 4 3 3 2 3 3 6 3
4 3 1 6 3 1 8 3 2 1 3 3 3 3
3 3 1 7 3 2 2 3 3 4 3
2 5 2 0 3 2 7 3
3 3 1 9 3 2 1 3 2 8 3
4 3 2 0 3 2 2 3 2 5 3 2 9 3
4 3 2 1 3 2 3 3 2 6 3 3 0 3
3 3 2 2 3 2 4 3 2 7 3
2  3 2 3  3 2 8  3 999  3->
DD174 AVOÜKP5+ 3Ü10 0 9 5 1RSTJ 
b s s i a .  A 0 g A 6 g A i2 j
iQ iiS S g X  a g b g b b g d g f g f l g f 2 g h g l g j g k g m g X g G c o t m t g r e c c o i m t j
iD,tfiSS.r S:S;axXX[1s8s 1 :3 6 g 0 s3 5 J g S to ra p a th [0 :3 5 ]g jj  [ 1 :3 4 ]j
Zm&l k lo k in  3 MaM&n, g a te  3
2 Ê&1 B,œsiLdiim t t o 8 3
E m a  3 / 0 / 0 / 0 3
SET33QUT3SET233PLGATI
ALSÛL3
B,mP.ââum p r in t  ro u te  (A) 3 
2 s t e g § . £  M im x A3 
b s s i a  I n M s m :  93
w r it s  text(70slKNIGHTS«-T0URlpJD 3 
c c ount : -G c ount4-1 ] 
£ a £ 9 ; ° b V i ô a i i î f i f c l l 3 % l a
kSEâû. w r lte (7 0 g f  1gA [1gqg35])3
n ew lin e  ( 7 0 s 2 ) 3
w r ite  t e x t  ( 7 0 g UlME*80*PAR*l) 3 
w r i t e ( 7 0 g f  2 g tlm e-'k lok ln ) 3
o f  procedure p r to tr o u te ]
P-ommenji t h i s  program p r in ts  out a l l  th e  k n ig h ts  to u rs  on a 6x 6 
chessboardo The i t e r a t i v e  tree -sea z 'ch  i s  l i b e r a l l y  sp r in k le d  
w ith  tim e «checks to  fu r n is h  a  compaz^ison betw een t h i s  and a 
r e c u r s iv e  method© A ll  z^ Goz"-d o f  th e  p a s t  and p r e se n t s t a t e  o f  
th e  boai’d i s  m ain ta in ed  to  a dynamic s ta c k  o f  co n n ec tio n  
m a tr ic e s  £, th e  3 -d  imen s 1 ona 1 az’z^ ay XX© Hie re  i s  no need foz' 
origdegn  newdeg^ o r  board] 
op0n ( 2o ) ] open( 7ü ) ]
w r ite  t e x t ( TO l^P^ -^J i^J^^STGNElcjj(NIGHT8^T0URS%N-::'6'>('BY -^6^B0ARD23clJJ :
M s l n .  x s - z ’o a d ( 2 0 )  ] 
s to r e p a th [h « 1J : - 0 ]
1 i.ii!&;Ujx:aoXX[ i^h;,ü ] :^ rea d (2ü) ]
£ fr e a d  ( 20 ) ^ 999t h m
t h is  reads to  th e  condensed c o n n e c tio n  m atr ix  XX[o] and 
th e  v e c to r  con ta in  to g  th e  d eg rees o f  a l l  th e  sq u a res]  
c l o s e ( 2ü );
f  r==fomat(X.nddl) ] f  1 : - fo r n ia t ( IpdddU  ] f 2 ;-fo im at(X pddsdddodddcecD  
k lo k in : “ t im e ] 
s t o r a ç a t h [ ü ] : - 1] 
a := ^ X X [1 ;,1 p ü ï]torJ, : 1 step,1m6jJ7ÉPXX[ 1^a , 0] ; =XX[i-M^a^^O]]
X X [8 ; ,a ^ a ]  := ü ]
X X [1;,1^Ü ]:-1]
:= U ]
re c c o u n t:- c c  o u n t:-Ü ] 
s to r e p a t h [ r e c c o u n t ] : -a ]
£ S ia S Ï C T 3
NXST: d . : « s t o r a p a t h ( r e c c o u n t ]  I 
g a te
£ a îÆ  1  ^i-P  b tL U #sJ.<9gnclX X  [ i s  dgm ] i^Odp„ 
i c a  [ 3g XX [ Ig dgm ] gin ] ^ ^Ot^ejl 
iJjift. 1 C g a te b te a  _ 
M a l a  a:«XX[lgd.gm ]|
g a te ;« f a la ® 3  '
a l a a  salaJ'ij
1 C  a a t,g a te t]js ;Q ,
fe ss la . i t r - s c G o r i n t < 3 % n d  a =  1
fe a s ia  w r ite  text(70gl|/lP 0R G E D *L 00P jj 3
È S È P JIj
j j i r e c c o u n t ] ; « 0 3  
w r i t e  t e x t (70  g LGGT0*SQUAREJJ 
w r l t e ( 7 ü g f g a ) 3
j j i  r e c c o u n t ]:= 13
I :  a :« X X [jj[recco u n t]g d g m ] 3
w r i t e  t e x t  ( ?0 g  X.TEST«-SQUARED 3
w r i t e ( 7 0 g f g a ) 3
IX  a'='0£Vjgg  ^ g o t #  3 ,
âX ^‘eccount< 34£S50p<X  [ 1 g a g m ]-1  tv x e a




L ; n e w lin e ( 7 0 g 1)3 
j  j  [ recco u n t ] : -J  j  [ recco u n t ] •!• 13 
JXj j  [ recco u n t ] EPi s J J 
N; n e w lin e ( 7 0 » 1)3 
s to r e p a th [r e c c o u n t ] :« 0 3  
r e c c o u n t:« r e c c o u m t« l3 
m:« r e c c o u n t- 13
w r i t e  t e x t (  7 0 g jjTIME*SO*EAR*l) 3 
w r i t e  ( 70g f  2 g tim e  - k lo k in  ) 3 
t£ r e c c o u n t« 01ijea  g.otfiEel g e g a tp P;
S T C T :  reccou n t ;«recGo\int+1 3 
w r i t e  t e x t ( 7 0 gXX3 6 s lS T E P D 3 
w r i t e ( 7 0 gfx) recco u n t) 3 
n e w l to e ( 7 0 g 1)3
w r i t e  t e x t ( 7 0 glTIME«'S0 *PAR«D3 
w r i t e ( 7 0 g f 2 g t lm e - k lo k ln ) 3 
m :« re o c o u n t-1 3 
k :« ü 3
ÊSEl : «  1 s i-f-1 wJî31al<9a-BBGCX [ 13 a g n ] r Odo. 
'Q M & iïl '0  i^ lO uigagm ] 3 
V; k:«k-Pl 3
1C
hmgllL recco u n t] :=ü]
X X [ 1  ^ a ^ z ^ e c c o u n t  ]  s - r e c c o u n t 4-1 j
1 C
km&lKL £m j^ : -  ^  M H W AoXX l j  ^  k ^  i^ e c o oun t  ] :=XX[jj,kgm] j
j
i b j à g ^  b b : = X X l j g b ^ m j ]





£flrk :=k+i&M a im 6 113W a.
1£  k « a lh m .
b&$l& £ s i l ; “2 g te a iv ff ltU 3 ia
X X l l g a g r e c c o u n t J î « ü j
XX[1 g a g r e c c o u n t];« r e c c o u n t+ 1 1
, m]Æ@, fiffÆ î-lpJZôalyaM iSçifiXXClgkgreccount] :==XX[igkam]j 
w r ite  text(70gISÏA T E*0P*X X lclL) J 
£ s £ i  : “  1 s M a i  i m M i S i a
bgM Z L  f e £ j  î “ J â t e p J l f f l U J 3 6 j |o ; v 'f r l t e ( 7 ü g f g X X [ l g j g r e c c o u n t ] )  j
nev?H ne(7üg 1) 3 
*
w rite te x t(7üplTIMS^^S0*PAR i^) | 
wr;lte(7 0^f2^tiïne«klokin) ] 
fîtorepath[reccQ\mt] s-a] 
lC r e G c o u n t < 3 5 M m ^  g Q 6 # X 8 T ^ l ^  
im&lll pz"lntroute(XX) j 
s t  o z'epa th  [ rec c ouu t  ] s -ü j 
reccountî-raccount«1|
P : d £—s t o r e p a th [ reccou n t J]
I f j  j  [ reo  c o w t  ] = ü t^ ea  s s i # § l â a .  ga laB j  
E; n e w lln e (7 0 g 1)3
w r it e  text(70gJ.TOTAL*Na®*OP*KNIGHTS*TOURS»EQUAl,S’»»DJ
w r l t e ( 7ü g fIg c c o u n t) 3
ÊÛ ÈS,end3 ‘
Ms w r ite  text(7ügXlNC0RREGT«‘DATAi) 3 
c l o s ë ( 2 0 ) 3 
en d ; o l o s e ( 7 0 ) 3








DIffiNSION INTAR1 (3 6 ) , INTAR2 (3 6 , 8 ) , INTAR3 (3 6 ) 
COMMON INTARl,INTAR2,INTAR3 
PUBLIC KTTOT 
■ I CALL BOCAF(I)
INTARl = 1 -36  
' INTAR2=INTARl- 36*8 
: INTAR3=INTAR2"36
CALL B0CAS(INTAR3)







DIMENSION KEEPP(3 6 ),XX (3 6 , 8 ) ,ŒGD (3 6 )
PRINT 3
3 FORMAT (2ÜHMAIN ROUTINE ENTERED )
READ 1 , (OR® ( I ) , 1=1 , 3 6 )
1 FCBMAT (361 2 )
DO 5 1=1 ,36
KEEPP(l)=0
J=ORGD(l)
READ 2 , (XX(I,K),K=1 ,J )
2 FORMAT (3 CZ)
J=J+1
DO 4 K=J, 8
4 X X (I,K )=0
5 CONTINUE 
READ 6 ,1
6 FORMAT (1 3 )





1 0 PRINT 8
8 FŒMAt(1 4HDATA INCORRECT)
9 CALL EXIT 
END




11 IP (K A )1 0 ,8 ,9  , .












• I RECURSIVE SUBROUTINE STEPCT (KB)
KB=KB+1 
' KC=ÎÎB
: CALL UPDATE (KC)
IF (K C )13 ,12 ,13




! E N D
«FORTRAN
S UBR OUT INE HR INKT 
COMMON KD 
PUBLIC KTTOT 
D HENS I  ON KD (35)
PRINT 1 , (I® ( I ) ,  1=1 ,3 6 )
1 FCBMAT(1H0,36I3)
KTTOT=KTTOT+1 
PRINT 2 , KTTOT





PRINT 1 , TIMS 









Q1, =V1, Q2 , =V2 ,
SET 122 , OUT, SET 2 3 , FLOAT,
=V3, (STORES STARTING TINE)
JSP2, JSP3,
C SEE RESPECTIVE P-ROUTINES FOR THEIR PURPOSE 




C THIS ROUTINE SETS UP THE: FIRST ROI OF NEWDEG AND ESTABLISHES 




V2, Z I , =M1, =M0M1 , (SETS STCREPATH(O) TO 1)
V 3, =Q1, Z3, =RM2 ,
*, 1 ,  MO M2Q,, = MOMI Q, «, J1C1 NZS ,
3 ,  V 2, =YA1, SET 5 , =YA39?3 
C NEWDEG(0) SET UP
I EXIT 1 ,
' END,
«USERCODE
C A. ROUTINE WHICH MAKES THE SPECIAL FIRST MOVE AND UPDATES 
C NEVIDEG AND STORE PATH ACCORDINGLY 
ROUTINE
/ P3 ,V 8 *I V2=36, V3=AYA1,
/ v 6= Q 36/1 /0 , V7=Q.8/36/0, V8=12,
, V8 , ZI , =rm6 , M+i6 ,
- =M0M6Q,
C FIRST MOVE TO SQUARE 12
. V6 , = Q 1 ,(OUTER LOOP COUNTER)
V3, =RM3, Z2 , =M6 ,
1 , DC1 , M+Il , V7, =Q2, Ml, M0M6, J2NE,
C TEST IP' I=XX('I,1)
ERASE, ZERO, =YA398, M+I3, J7 ,
C NEWDEG(1 ,XX(1 ,1 ) )  SET TO 0
2 , V2P2, - ,  DUP, =M2,
DUP, V2, MULTD, CONT, =144, J5=Z, (TEST IF I IS 1 )
« ,3 ,  I'6t42Q, v a ,  - ,  J4=Z, J3C2NZS,
J5 ,
4 , m4M3Q, V2P2, - ,  = m4M3,
C SETS NEWDEG(1 ,I)=PEWDEG(0,I)~1
J7,
5 , M4M3Q, = m4M3,
7 , M -I3, JlC iNZ,




C THIS ROUTINE PERFORffi THE LOOKAHEAD AND TESTS VIABLE SQUARES 
C TO SEE IP THEY HAVE AIREADY BEEN VISITED 
ENTRYNAPES
S QTEST , R UBST , LOOP «
ROUTINE
p4,V83,R61 ,R1 2«
V4=1, V5=36, v 6=B77, V7=8, VI OAYAO,
Q1, Q2, =V2 , =V1,
DUP, =V9, =M5,
MO 143, =V3, (KTREC STORED IN V3 )
21 , =M8 ,
V3, V4, - ,  J1=Z,
V7, =503, J2,(SETS COUNTER FOR OUTER LOOP)
1 , V7. =RC3, M+I3, DC3, (SPECIAL CASE)
2 , V3, =K4, H8m4 , =K4, (STŒE path (KTREC) IN K4)
2 2 , V4, =M12, V I0 , =M11,
2 1 , % , V5, r-îULTD, CONT, t'4, +, =M5,
M12M5, DUP, =M5, (A IN M5), J 8=Z,
V5, M5, V4, DUP, V3, +,
PERM, - ,  CAB, MULTD, CONT, +, =M5,
M11m6 , V 4, J7NE, ERASE,
C TEST IF NEWDEG (KTREC,A) IS 1 
V3, SET 3 4 , - ,  J3=Z,
M12M5, V 4, - ,  J14=Z,
3 ,  V7, DUP, M3, V4, + , DUP, CAB, J5=,
V5, XD, CONT, M4, +, =RMd ,
V5, = 16 , - ,  =C1 , (COUNTER SET FOR INNER LOOP)
4 , M12M6Q, DUP, =V8 , J6=Z, (XX (D,K) IN V8 )
V8 , V4, DUP. PERM, - ,
V5, XD, CONT, V3, CAB, DUP,
PERMj +, CAB, +, =M7,
MI1M7, - ,  J14=Z,
C TEST IF NEWDEG (KTREC,XX (D,K) ) IS 1 
DC1 , J4C1NZ( INNER LOOP), J 6 ,
5 , ERASE, ERASE, ERASE,
6 , M5, =V81 , (A IN V81 )
VI , =Q1 , V2, =Q2 ,
V9, =M9, V4, =M0M9, EXIT 1 ,
6 1 , Q1, =V1 , Q2, =V2,
DUP, =V9 , =M2, MÜM2,
=V3, (KTREC IN V3)
Jl 4 ,
C DO STEPCT THEN JUMP OUT OF LOOP
7 , ERASE, DC3, M+I3, J2lC3NZ, (OUTER LOOP)
8 , V7, =RC3 , (COUNTER SET FŒ OUTER LOOP)
10 , M3, V5 , MULTD, CONT, M4, +, =M6 ,
Ml 2 Mo, DUP, =V81 (A IN V81 ) ,  J l4=Z ,
V3, V4, +, =RC6 , (cou n ter FCR SHORT INNER LOOP)
« ,9 ,  M8m6q , V81, *, - ,  J13=Z, JgCbNZS,
C TEST IF STOREPATH(K) EQUAIS A 
V3, SET 3 4 , - ,  J l 1 GEZ,
V81, =M11 , M12M11, V 4, - ,  J13=Z,
1 1 , V3, =F'2 , 03 , =V11 M2 ( PRESERVES COUNT DURING STEPCT), 
M4, =V46M2, VI , =Q1 , V 2, =Q2,
V9, =M9, ZERO, =M0M9, EXIT 1 ,
12 , Q1, =V1, Q2 , =V2,
DUP, =V9 , =M2, HO M2,
=V3, (KTREC IN V3 )
V3, =M2 , Z2, V4, - ,  =M1 2 ,
VII M2, = 03 , V46M2, =M4, Z1 , =m8 ,
13 , DC3 , H+I3, Jl CC3NZ, (OUTER LOOP)
14 , V3, =M3, ZERO, Z1 ,  =m8 , =M8M3,
V I , .  V2, =Q2, =0.1,
V9, =M9, V4, NEGj =M0 M9 , EXIT 1 ,
END,
«USERCODE






Q1, =V1, 0 2 , =V2,
DUP, =V4, =MI , MÜM1 , =V3,(KC IN V3)
V10P4, v4 p4 , +, =F'B,
V5P4, DUP, =C4, = I4 , 
q4T0Q6, V3,
DUP, NEC, NOT, = # ,
= M6 ,
* ,1 ,  M3 m o , =mM6o ,  «,
Jl CAnZS, (sets NEIJDEG (KC , L)=NEWDEG (M, L) )
V5P4, V81P4, v 4 p4 ,
- ,  XD, CONT, V3, +, =M4,
ZERO, =13 M4, (SETS NEWDEG (KC,A)=0)
Z2, v 4 p 4 , - ,  =m4, V81P4, =m6 ,
V7P4, = c6 , V5P4, = i 6 ,
2 , m4m6q,
DUP. j4 = z , (test  ip  m i s  O)
V4P4, DUP, PERM, - ,  V5P4, XD, CONT,
V3, +, =M1,
I f'BMl , DUP, J3=Z, (TEST IP N IS O)




Z1 , =m6 ,
V81P4, V3, =M5, =M6M5, (A IN STOREPATH (KC ) )
V3, SET 3 5 , - ,  J6GEZ,
VI , =Q1 , V2, = 02 ,
V4, =M4, ZERO, =M0M4, EXIT 1 ,
6 , V I, = 01 , V2, = 02 ,
LINK, =V0 ,
JS F l, (ENTER PRBIKT AND OUTPUT STOREPATH)
SET 122 , OUT, SET 23 , FLCAT,
V6P1 , -F , =V2, SETAV2, JSF2,
C ENTER PRINTT AND OUTPUT THE TIME TAKEN 
VO, =LIMK, Q1 , 0 2 , =V2 , =V1 ,
V3, =M1 , ZERO, Z1, =.rvE, =M2M1 ,
VI , =01 , V2, = 02 ,
V4, = m , v 4 p4 , =MQM4, EXIT 1 ,
END,
«DATA
2 4 8 8 4 2 3 4 4 3 2 6 6 4 3 6 6 4 6 4 3 3 4 6 4 6 8 3 4 6 6
2 3 4 4 3 . ■
12 31
9 16 27 34
7 9 14 1 9 24 29  34 36
12 14 18 21 22 25 29 3l  
16 18 25 27
1 9 24
3 13 35  
14 16 31 36
2 3 15 17 
12 16 18
13 17
1 4 1 0 1 7  30 35
7 11 18 1 9 27 31
3 4 8 20
9 1 6 1 9
2 5 8 1 0 1 5 20 26 30
9 11 12 21 24 27
4 5 10 13
3 6 13 15 23 26
14 16 22 24
4 17 23 
4 20 26
1 9 2l 27 29
3 6 1 7 20 28 30
4 5 30 33
1 6 1 9 22 31 32  34
2 5 13 17 23 28 33 35
24 27 34
3 4 23 35
12 16 24 25 32 36
1 I 4 8 13 26 33
26 30
25 27  31
2 3 26 28 
7 12 27 29










DIMENSION INTARl( 3 6 ) , INTAH2(3 6 ) ,INTAR3(36) 
COM'IDN IMTARÎ , INTAR2, INTAR3 
• PUBLIC KTTOT 
CALL BÜCAP(I)
INTARl= 1-36  










DIMENSION BOARD( 3 6 ) ,ORGD(3 6 ) ,KEEPP(36)
READ 2 , (GRGD(I),1 = 1 ,3 6 )
2 FORMAT(B16 .0 )
DO 3 1- 1 ,3 6  
KEEPP(I)=0 
I 3 BGARD(I)=0 
READ 4 ,1
4 FORMAT( 13 )





' 7 FORMAT(1 4HDATA INCORRECT)









1 FORMAT(1 3HÜKNIGHTS TOUR,15)
PRINT 2 , (K B (I),1 = 1 ,3 6 )
2 FORMAT( 615/ / )
PRINT 3 , TIME









V3=Q36/36/AYA1 ,  V5-Q1296/ 1/ayA 1,
• Q1, =V1, Q2, =V2,
SET 1 , z r ,  =M1, DUP, =MCM1, ( SETS KEEPP(O) TO I)
Z2, =M1, =M0M1,(SETS BOARD( 1 ) TO 1)
V5, =Q1,
« ,.1 , ZERO, =M0M1Q, * , Jl Cl NZS, (ZEROS DYNAMIC XD)
SET 122, OUT,' SET 2 3 , FLOAT,
=V4,(STORES STARTING TIME)
V3, =Q1, Z3, =PJ42,
* ,2 ,  MÜM2Q, =M0MK4, * , J2C1NZS,
ZERO, DUP, =YA1,  NOT, NEG,
SHC-1,  NOT, YA289, AND, =YA289,(XD(0) SET UP)
SET 9 , Z1, =RM1, M4-I1,
=M0M1 ,(FIRST MOVE TO SQUARE 9 )
V I, =Q1, V2, =Q2,








V3=36, V 5=Q 36/36/o,
<41, =V1, Q2, =V2,
Z1 , =RM1 , M+n, MOMI, (UPDATE XD FOR MOVE TO 9 )
ZERO, =RM1,(COUNT IS O ), DUP, Jl 4 ,
100, Z1, =M2, M2M1,(D)
DUP, =M7, NEG, NOT,
V3, DUP, PERM, XD, CONT, =M5,(ROW MODIFIER FOR D)
SETAYAO, M l, + , =M3,(LEVEL -1 BA)
=C2,(SHC COUNTER)
M3M5,
ZERO, =YB0M1 , ( TEST-CELL FOR GOTO MOVE)
1 , J2C2Z, ZERO, SHLD1, DC2, J1=Z,(TEST FOR NONZERO BITS)
V3, DUP, G2, NOT, NEG, - ,  XD, CONT, =M4,
M3M4N, BITS, NEG, NOT, J1NEZ,(TEST IP SQ.SINGLY CONNECTED)
YB0M1, J7NEZ,
C2, NOT, =Y30M1,(N0T INDICATES GOTO)
J1C2NZ,(G0TQ MOVE TESTING LOOP)
2 , YB0M1, DUP, J3=Z,(N0 GOTO)
NOT, SET 2 2 , - ,  J8HEZ,
Ml, SET 34 , ™, J?LTZ,(TEST PGR FORCED LOOP)
J8 ,(JUMP TO UPDATE XD)
3 , ERASE, V3, =C2,(BRANCH COUNTER FOR LEVEL), ERASE,
M3M5,(SQUARES CONNECTED TO PRESENT POSN.)
4 , J7C2Z, ZERO, SHLD1, DC2, J4=Z,(FIND NONZERO BITS AGAIN) 
C2, SET 22 , - ,  J5NEZ,
Ml, SET 34 , - ,  J5GEZ,(TEST FOR FORCED LOOP)
J4,(REJECT IP PRESENT)
5 , • C2, =YBOM1,(NO NOT INDICATES TEST MOVE)
J8 ,(JUMP TO UPDATE XD)
7 ,  ERASE, ZERO, DUP, =M2M1, ( ZEROS LAST EL.OF KEEPP)
Z2 ,  NEG, NOT, =M6 ,
=M6M7,(ZEROS CORRESP.EL.OP BOARD)
M~I1,(UP ONE LEVEL)
■M2M1, =M7,( REDEFINES D)
Ml,  DUP, J l 1NEZ,
J13=Z,
8 ,  ERASE, V3s YB0M1, DUP,
J9GTZ, NOT,
9 , - , (CHOSEN SQUARE A ), DUP,
14 , =V7,
M+I1, ( DOWN ONE LEVEL)'
Ml, =V6 ,
DUP, NEG, NOT, DUPD,
V3, XD, CONT, =M2,( ROW MODIFIER)
CAB, NEG, =C2,(SHIFT CYCLIC MODIFIER)
! SETAYAO, V6 ,  DUP, =RM1, ( RESTORE LEVEL COUNTER)
+ , =M3,(STACK LEVEL BA)
ZERO, HOT, NEG, SHCG2, NOT,(MASK)
= q 4 ,  V 5 , = Q 5 ,
*,10,M3M5, Q4, « , AMD, =M3M5QN, Jl0C5NZS,( ZEROS COL.A OF XD) 
ZERO, =M3M2N,( ZEROS ROW A OF XD)
Z l, =M2, =M2M1, (UPDATES KEEPP)
Z2, =M6 ,  =M7,
Ml, NOT, NEG, =H6M7,(UPDATES BOARD)
Ml, SET 35 , - ,  JlOOLTZ,( JUMP TO CHOOSE NEXT SQUARE) 
ZERO, =M2M1,(ZEROS LAST EL.OF KEEPP) '
LINK, =V0, V I, =Q1, V2, =Q2,
SET 122, OUT, SET 23 , FLOAT,
V4P1, ~P, =V4, SETAV4,
JSFl,(PRINT KT AND TIME TAKEN)
Q1 ,  =V1 ,  Q2, =V2, VC, =LINK,
Z2, =M2, V7, NEG, NOT, =M3,
ZERO, =M2M3, (ZEROS CORRIÏSP.EL.OF BOARD)
V6 ,  NEG, NOT, =RM1,(UP ONE LEA/EL)
Z l, =M2, M2M1, =M7, J12 ,
11 , ERASE,
1 2 , YB0M1, DUP,
J7LTZ,(QUICK BACKTRACK FOR GOTO AT LEVEL -1 )
DUP, V 3 , DUP, CAB, - ,
= C 2,(R E S T O R E S COUNTER PGR TEST SQ.LOGP)
M2M1,  NEG, NOT, XD, CONT, =M 5,
SETAYAO, M l, + ,  =M 3,
M3M5, ZERO,
SH LD C2,(RESTO RES NONZERO BIT-SEARCH AT LEVEL - 1 )  
ERASE, REV, = C 2 , j4 ,(R E S U M E  TEST SQ.LOGP AT LEVEL - 1 )  
1 3 ,  V I ,  ,=Q 1, V 2 , = Q 2 , EX IT 1 ,
END,
■«DATA- 
0 0 0 0 2 0 0 0 0 0 0 0 0 0 0 0  
0 0 0 4 5 0 0 0 0 0 0 0 0 0 0 0  
0 0 4 2 2 4 0 0 0 0 0 0 0 0 0 0  
0 0 2 1 1 2 0 0 0 0 0 0 0 0 0 0  
0010050000000000 
0 0 0 4 0 2 0 0 0 0 0 0 0 0 0 0  
1 0 0 0 1 0 2 0 0 0 0 0 0 0 0 0  
0 4 0 0 0 4 5 0 0 0 0 0 0 0 0 0  
0 2 0 0 4 2 2 4 0 0 0 0 0 0 0 0  
2 1 0 0 2 1 1 2 0 0 0 0 0 0 0 0  
1 0 0 0 1 0 0 5 0 0 0 0 0 0 0 0  
0 4 0 0 0 4 0 2 0 0 0 0 0 0 0 0  
2 0 1 0 0 0 1 0 2 0 0 0 0 0 0 0  
5 0 0 4 0 0 0 4 5 0 0 0 0 0 0 0  
2 4 4 2 0 0 4 2 2 4 0 0 0 0 0 0  
122 1 0 0 2 1  1 2 0 0 0 0 0 0  
0 5 1 0 0 0 1 0 0 5 0 0 0 0 0 0  
O 2 0 4 0 0 0 4 0 2 0 0 0 0 0 0  
0 0 2 0 1 0 0 0 1 0 2 0 0 0 0 0  
0 0 5 0 0 4 0 0 0 4 5 0 0 0 0 0  
0 0 2 4 4 2 0 0 4 2 2 4 0 0 0 0  
0 0 1 2 2 1 0 0 2 1 1 2 0 0 0 0  
0 0 0 5 1 0 0 0 1 0 0 5 0 0 0 0  
0 0 0 2 0 4 0 0 0 4 0 2 0 0 0 0  
0 0 0 0 2 0 1 0 0 0 1 0 0 0 0 0  
üü005üü4oüo4üüoo 
0 0 0 0 2 4 4 2 0 0 4 2 0 0 0 0  
0 0 0 0 1 2 2 1 0 0 2 1 0 0 0 0  
0000051000100000 
0 0 0 0 0 2 0 4 0 0 0 4 0 0 0 0  
0 0 0 0 0 0 2 0 1  0 0 0 0 0 0 0  
0 0 0 0 0 0 5 0 0 4 0 0 0 0 0 0  
0 0 0 0 0 0 2 4 4 2 0 0 0 0 0 0  
0 0 0 0 0 0 1 2 2 1  0 0 0 0 0 0  
0 0 0 0 0 0 0 5 1 0 0 0 0 0 0 0  










DIMEI'TSION INTAR 1 (36  ) ^INTAR2(36  ) s INTAR3 (3 $ s36 ) 
DIMENSION mTAR#(34)

















DD'TEtfSION BOARD(3 6 ) ^JJ (34 ) aKEEPP ( 36 )




READ 2 ,(X D (1 . I ) a l = 1 , 3 6 )
2 FORMAT(B16 . Ü 
DO 3 1=1 ,3 6  
KEEPP(I)=0
3  b o a r d ( i ) = o
READ 4 , 1
4 FORMAT(13)





7 format( i 4HDATA INCORRECT)
8 CALL EXIT







DIÎ4ENSI0N KA( 36) ,KB( 36)
KTT0T=KTT0T-!-1 
PRINT 1 sKTTOT
1 porî'1a t ( 13h ok n igh ts to u r , 1 5 )
PRINT 2 s (K B (I)s I= 1 s36)
2 ■ FORMAT( 6 1 5 / / )
PRINT 3 sTIME

































P I,V 4,R 11 *
V3=(436/36/AYA1,
JSP1, 0,1, =V1, 0 2 , =V2,
SET 1 , Z1, =M1, DUP, =M0M1,(SETS KEEPP(O) TO 1) 
Z2, =M1, =M0M1(SETS BOARD(1) TO 1 ) ,  J 2 ,
11 , Q l, =V1 , Q2 , =V2 ,
SET 1296 ,  =BC1, Z3, “Ml,
« ,1 ,  ZERO, =Küî4iq, « , J1C1MZS,(ZEROS DYNAMIC XD)
VI , =Q1 , V2, =Q2, EŒT 1 ,
2 ,  SET 122, OUT, SET 2 3 , FLOAT,
=V4,(STORES STARTING TIME)
ZERO, Z3, =M2, =M0M2,
SET 238 , =+M2 , SET-2,
SHC-1, M0M2, AND, =MOM2,(XD(o) SET UP)
SET 9 , Z1 , =RM1 , M+I1 ,
=M0M1,(FIRST MOVE TO SQUARE 9)
V I, =Q1, V2 , =0,2 ,








V3=36, V5=Q35/ 36/ 0 , V8=F1 0 . 0 ,
V6=Q1/"Z8/az8 ,
JSF2, Q1, =V1, 0 2 , =V2,
V6 , SET 110 , OUT,
Z3, NEG, NOT, =V9,
Z1, =RM1, M0M1N,(UPDATE XD FOR MOVE TO 9)
M0T0Q1, (COUNT IS O ), J l4 ,
1 0 0 , M2M1 , (D)
DUP, =K7, NEG, NOT,
V3, DUP, PERM, XD, CONT, =M5, (ROW MODIFIER FOR D) 
K1T0Q3, V9, =-H43, (LEAVEL -1 BA)
=C2,(SHC counter)
M3M5, ZERO, =M8M1, (TEST-CELL FOR GOTO MOVE)
1 , J2C2Z, ZERO, SHLD1, DC2, J1=Z,(TEST FOR NONZERO BITS) 
V3, DUP, C2, NOT, MEG, - ,  XD, CONT, =M4,
M3M4N, DUP, DUP, NEG, NEV, AND,
JINEZ,(TEST IP SQ.SINGLY-CONNECTED)
MSK1 , JTt'TEZ,
C2, NOT, =M8M1,(N0T DTOICATES GOTO)
J1C2NZ,(GODO SQUARE TESTING LOOP)
2 ,  M8K1, DUP, J3=Z,(N0 GOTO)
NOT, SET 2 2 ,  - ,  JBNEZ,
Ml, SET 34 , - ,  J7LTZ,(TEST FOR FORCED LOOP)
J8 ,(JUr.'IP TO UPDATE XD)
3 , ERASE, V3, = 0 2 (BRANCH COUNTER FOR LEVEL), ERASE,
T43M5,(SQUARES CONNECTED TO PRESENT POSN.)
4 , J7C2Z, ZERO, SHLD1, DC2, J4=Z,(FIND NONZERO BITS AGAIN) 
C2, SET 22 , - ,  J5NEZ,
Ml, SET 3 4 , - ,  J5GEZ,(TEST FOR FORCED LOOP)
J4,(REJECT IP PRESENT)
5 , C2 , =m8m i,(n o  n o t  in d ic a t e s  t e s t  move)
J 8 ,(JUMP TO UPDATE XD)
7 ,  ERASE, ZERO, DUP, =M2H1 , (ZEROS LAST EL,OP KEEPP) 
Z2, NEG, NOT, ==M6 ,
=M6M7,(ZEROS CQRRSSP.EL.OF BOARD)
M -I1,(UP ONE LEVEL)
K2M1 , =M7,(REDEFINES D)
Ml, DUP, J11NEZ, .
• J13=Z,
8 ,  ERASE, V3 , M8M1 , DUP,
J9GTZ, NOT,
9 , - , (CHOSEN SQUARE A)
1 4 , DUP, =V7,
M+I1 (DCn«?N ONE LEVEL), Ml, =V6 ,
DUP, DUPD, NEG, NOT,
V3, XD, CONT, =M2,(ROW MODIFIER)
NEG, =C2,(SHIFT CYCLIC MODIFIER)
7 9 , V6 , + , =M3,
7 5 , “ Q5, Z4, NEG, NOT, =M8 ,
SET-2, SHCC2,(MASK)
DUP, =q4 , M3M5, AND,
*,10,=K3M5QN, M3M5, 0 4 , « , Al-ro, J10C5MZS 
=M3M5QN,(ZEROS COL,A OF XD)
ZERO, =M3M2N, (ZEROS ROW A OF ](D)
Z1 , =M2, =M2M1, ( UPDATES KEEPP)
Z2 , NEG, NOT, =I-l6 , =M?
Ml, NOT, NEG, =M6M7,(UPDATES BOARD)
Ml, SET 3 5 , - ,  J100LTZ,(JUMP TO CHOOSE NEXT SQUARE) 
ZERO, =M2M1,(ZEROS LAST EL.OF KEEPP)
LINK, =V0 , V I, =Q1, V2, =Q2,
SET 122, OUT, SET 2 3 , FLOAT,
V4P1, -F , Z7, +F, = 74 , SETA74,
JSF1,(PRINT KT AND TIME TAKEN)
Q.1, =V1, 0 2 , = 72 , VO, =LINK,
SET 128, OUT, SET 2 3 , FLOAT,
Z5, -F , VB, SIGNP, J102LTZ,(TEST IP TIME UP)
SET 122 , OUT, SET 2 3 , FLOAT,
V4P1, -F , Z7, +P, =Z7,(UPDATE RUNRUN)
V I, =Q1, V2, =Q2, J1P3,(JUMP TO FREEZE ROUTINE)
10 1 , JSF2, Q1, =V1 , Q2, = 72 ,
SET 3 5 , =M1, Z3, NEG, NOT, = 79 ,
7 6 , SET 1 1 0 , OUT,
SET 1 3 , = 77, M1j = 76 ,
102 , Z2, NEG, NOT, =M6 , 7 7 , =M3,
ZERO, =K6M3,(ZEROS CORRESP. EL,OP BOARD)
7 6 , NEG, NOT, =RM1 ,(UP ONE LEVEL)
Z1 , =M2 , M2M1 , =P7, Z4, NEG, NOT, =MB, J12 ,
11 , ERTSE,
1 2 , M8MI , DUP,
J7LTZ, (QUICK BACKTRACK FOR GOTO AT lEVEL - I )
DUP, V3, DUP, CAB, - ,  =C2, (RESTCRES COUNTER FOR TEST SQ. LOOP) 
M2 Ml , NEG, NOT, XD, CONT, =M5,
M1T0Q3, V9, =+M8,
M3M5, ZERO, SHIDC2, (RESTORES NONZERO BIT-SEARCH AT LEVEL -1 )  
ERASE, REV, =C2, j 4,(RESUÎ'E TEST SO. LOOP AT LEVEL -1 )
13 , VI , =Q1 ,■ V 2, =Q2, EXIT 1 ,
END,
«USERCCDE
C THIS ROUTINE INITIALISES THE ARRAYS FOR TREE-SEARCHING 






V3=Q0/AW0/AW1 5 9 , V5=PDS010095, V6=Q0/AZ8/AZ7,
V4=PDSDATA02, V7=EDSDATA03,
V8=PFIIE TOO, VS^P SmLL , VI 0=QO/0/1 ,
VI 1=QO/av8/AV9, VI 2=Ql/AWO/AVJ39,
JSPI, SETAR4, =Z10, J2 ,
1 , JSP2, SETAR5, =Z10,
2 , Q l, =V1, Q2, =V2,
Z1, SET 3 5 , +, (TOP ADDR.TO BE TRANSFERRED)
Z4, (BOTTOM ADDR. ) ,  DUP, DUP, =Ml ,
, PERM, - ,  (AREA CF CORE TO BE READ/WRITTEN)
' SET 4 0 , DUP, DUP, =11 , = 12 ,
DIVI, ZERO, SIGN, +,
=C1, (SECTOR COUNT), SET 3 9 , +,
= M2,(t 0P ADDR.pm SINGLE TRANSFER)
V3, V4, V5, SET 130 , OUT,(OPEN PILE DATA02)
C l, - ,  J98LTZ, (CHECK ON PILE-SIZE)
=Z9, DCI, M -Il, (ADJUST TRANSFER COUNTER)
. 3 ,  Z9, MOMIQ, ERASE, Z1 0 , =LINK, EXIT,
4 , Ml, =RI3, J41C1NZ, SETAR8, =Z10 ,
41 , j 6 ,
5 , SET 1 , =C3, Ml, = 1 3 , J6C1NZ, SETAR9, =Z1 0 ,
6 , M2T053 , (Q"STORE FOR DISC TRANSFER)
Q3, SET 106 , GUT,(TRANSFER 1 SECTOR)
Zg, NOT, NEG, =Z9 ,(ADJUST SECTOR ADDRESS)
M+I2, (ADDR.LIMITS FOR NEXT TRANSFER)
J3G1NZ,(KEEPP,BOARD,XD,JJ TO/PROM DISC) ,  M+II ,
ZIO, =LINK, EXIT,
7 , SET 106 , CUT,
V3, V 7, V5, SET 130 , OUT,(open FILE DATAO3 )
ERASE, ZIO, =LINK, EXIT,
8 , f41 , DUP, NOT, NEG, =M3, = 13 , 
z g , 0 3 , SETAR11, =Z10, J 7 ,
9, SET 4 0 , =RC2,
*,10,Z E R 0, =W0M2Q, Jl OCUiZS,
M0P41 , =W0 , MO Ml N, =W1 , Zg, VI 2 , SETARl 2 , =Z1 0 , 
J 7 , (SPECIAL TRANSFER CF V-tlO EXTRA WORDS)
1 1 , V6 , SET 106 , QOT, (ETTOTjRUNRUN)
SET 122 , GOT, SET 2 3 , FLOAT,
=V4PI , (STORES STARTING TIME)
VI , =Q1 , V2 ,  =Q2, JS1 01 P2,
SET 112 , OUT,
■ ! EXIT 1 ,
l 2 j  Z8 , =W0 , Z7, =W1 , (KTTOT,RUNRUN)
' V I2 , SET 106 , OUT, J99,
98 , VI 0,  VI I ,  SET 1 04, OUT,




0 / [ or 1 ]
[ r e s t  cf d a ta  as f o r  program NONRECURSKT]
«END JOB
APPSITDIX 2
T h e . f i r s t  p ie c e  o f  o u tp u t i s  a  sa irp le  from  th e  progr'am 
DD174AM— o f  A ppendix I 5 i t  shov/s how th e  d ia g n o s t ic  o u tp u t i s  
u se d  to  check th e  v a l i d i t y  o f  th e  p a th  chosen  t i i r o i i ^  th e  t r e e  and 
ja ls o  compare th e  tim e ta k e n  i n  v a r io u s  p a r t s  o f  th e  program , fh e  
* second  and tb iz 'd  s h e e ts  ar-e from  DDI74AY— , th e  fo rm e r sh o v in g  
; th e  u p d a t in g  o f  th e  c o n n e c tio n  m a tr ix  s ta c k  XX(see p . 85) , and th e  
' l a t t e r  th e  g ra p h ic  o u tp u t in c o rp o r a te d  from  2nd, g e n e ra t io n  onwards,
A ote th e  * a u to m a tic ' ch o ice  o f  an  unzised sq u are  a t  each  s te p (  o f « the
/
1 s t .  o u tp u t page) p roduced  by  u p d a tin g  th e  c o n n e c tio n  m a tr ix  r a t h e r  
th a n  tl;e  d e g re e  v e c to rs ;. The 4 th . page shows g ra p h ic  o u tp u t o f a  
5 rd . g e n e ra t io n  F O H T R A l l / U C A J  program  to  p r i n t  o u t a l l  th e  2 - and 
4 - sym m etric  to u r s  on a  6x6 h o ard ( see C h ap te r 4) .  D ia g n o s t ic s  have 
b een  o m itte d  and o n ly  th e  to u r s  th em se lv es  shown.
' J  W STCCiE
n i g h t s  t o u r s  O n 6 EY 6 BOARD
' E S T  SQUARE i 
ES T  S QUARE 4 
I ME SO FAR
S T E P  2
0 ,2 5 2
TATE OF MEV/ DEG 1 4 0 0 4 2 3 4 4 2 2 0 6 3 3 6 5 3 6 4 2 2 4 6 3 6 8  
I ME SO FAR 0 , 5 3 5
' E S T  S QUARE 12 
' E S T  SQUARE 14 
' I ME  SO FAR 0 , 6 5 1
S T E P  3
i TATE OF ME WOE G 1 4  7 0 4 2 3 3 4 2 2 0 6 0 3  
MME SO FAR 0 , 9 3 3
5 3 6 3 2 2 4 6 3 6 8
' E S T  S QUARE 3 
' IM E SO FAR 1 - 0 2 6
S T E P  4
4TATE OF MEV.'DEG 1 4 0 0 4 2 2 3 3  
MME SO FAR 1 , 3 0 5
2 0 6 0 3 8 5 3 5 3 2 2 4 5 3 6 8
’ES T  S QUARE 7 
MME SO FAR
S T E P  5
1 * 4 0 4
I TATE OF MEWDEG 1 4 0 0 4  2 0 3 3 2 2 0 5 0 3 8 5 3 5 3 2 2 4 5 3 6 8  
MME  SO FAR 1 , 6 6 4
PEST S QUARE 3 
•’ E S T  S QUARE 13 
MME  SQ FAR
S T E P  6
1 , 7 9 9
s TATE o f  NEWDEG 1 4 0 0 4 2 0 3 3 2 1 0 0 0 3  6 5 2 4 3 2 2  4 5 3 6 7  
MME  SO FAR 2 , 0 7 9
SOTO S QUARE 11 
MME  SO FAR
S T E P  7
2 , 1 7 2
P ’ ATE o f  NEWDEG 1 4 0 0 4 2 0 3 3 2 0 0 0 0 3 6 4 2 4 3 2 2 4 5 3 6 7  
MM E  SO FAR 2 , 4 5 2
r E S T  S QUARE 13 
F E S T ' S QUARE 17
#  # * # M  m  ^ t
S T E P  Ô
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